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Summary
The use of Mathematics to understand relevant problems in Biology dates back
at least as far the seminal works of D. Bernoulli on the efficacy of vaccination
against smallpox (1760) and L. Euler on the flow of blood in arteries (1775). Since
then, the field of Mathematical Biology has undergone extraordinary growth and
a great deal of fascinating challenges have arisen. One of such challenges is that
of unravelling morphogenesis (the emergence of biological shape) by means of
mathematical methods, a problem that has important precedents in the influ-
encial works of D. W. Thompson (1917), A. Turing (1952) and H. Meinhardt
(1972).
The present dissertation is devoted to mathematical modelling and simula-
tion of a specific problem in early vascular morphogenesis, a process that con-
stitutes the initial step in the generation of the vascular system in vertebrates.
More precisely, a combined mathematical, computational and experimental ap-
proach is used to get new insights into key molecular and cellular mechanisms
underlying the self-assembly of new blood vessels. The thesis is divided in three
main sections: Preliminaries (Chapter 1), Research Work (Chapters 2 and 3)
and Perspectives and Conclusions (Chapters 4 and 5). An overview of the field
together with an introduction to the main problem is presented in Chapter 1,
where the main literature on the subject is reviewed from a critical point of view.
In Chapter 2, a new mechanism and a new hybrid mathematical model for early
vascular patterning in the embryo are proposed and examined. The study of the
proposed model raises a number of new biological hypotheses, many of which are
beyond the current experimental reach. In some particular cases, however, they
have been validated in a controlled situation using simplified in vitro assays, as
shown in Chapter 3. While doing so, relevant quantitative information related
with the kinetic and diffusive properties of a key molecule in vascular development
(VEGF) was also obtained. Chapter 4 is devoted to future perspectives in the
field under consideration. In particular, two ongoing projects that are extensions
of the work here considered are outlined. Finally, the main conclusions of this
study are gathered in Chapter 5.
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In summary, the mathematical and computational methods developed in this
study, when combined with suitable experimental techniques, provide information
of a relevant problem in vascular morphogenesis that was not previously known.
Moreover, the proposed theoretical framework can be used not only to propose
new hypotheses but also to assist in the design of accurate and feasible biological
experiments to test them.
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Resumen
El uso de las Matema´ticas para comprender problemas relevantes en Biolog´ıa se
remonta al menos a los trabajos pioneros de D. Bernoulli sobre la eficacia de la
vacuna contra la viruela (1760) y L. Euler sobre el flujo sangu´ıneo en arterias
(1775). Desde entonces, el campo de la Biomatema´tica ha experimentado un
extraordinario desarrollo, a lo largo del cual han surgido una gran cantidad de
desaf´ıos fascinantes. Uno de ellos es el de esclarecer la morfoge´nesis (la emergencia
de las formas biolo´gicas) haciendo uso de me´todos matema´ticos, una cuestio´n
que ha sido abordada, entre otros, en los influyentes trabajos de D.W. Thompson
(1917), A. Turing (1952) y H. Meinhardt (1972).
La memoria que ahora se presenta se ocupa de la modelizacio´n y simulacio´n
matema´tica de un problema espec´ıfico de la morfoge´nesis vascular temprana, un
proceso que constituye el primer paso en la formacio´n del sistema vascular de
los vertebrados. Concretamente, en este estudio se presenta una combinacio´n de
me´todos matema´ticos, computacionales y experimentales que permiten obtener
nuevos avances en los mecanismos moleculares y celulares fundamentales que
subyacen al proceso de autoorganizacio´n de la red vascular. La tesis se divide
en tres secciones principales: Preliminares (Cap´ıtulo 1), Trabajo de Investigacio´n
(Cap´ıtulos 2 y 3) y Perspectivas y Conclusiones (Cap´ıtulos 4 y 5). En el Cap´ıtulo 1
se presenta una visio´n general del campo junto con una introduccio´n al problema
principal. Adema´s se revisa la bibliograf´ıa sobre la materia desde un punto de
vista cr´ıtico. En el Cap´ıtulo 2 se propone y examina un nuevo mecanismo y un
nuevo modelo matema´tico de tipo h´ıbrido para explicar la formacio´n del patro´n
vascular considerado. El estudio del modelo matema´tico propuesto plantea una
serie de hipo´tesis biolo´gicas nuevas, la mayor´ıa de las cuales se encuentran ma´s
alla´ del alcance experimental. No obstante, algunas de estas hipo´tesis se pueden
validar en casos particulares. Esto se muestra en el Cap´ıtulo 3 haciendo uso
de una situacio´n controlada y simplificada consistente en un cultivo celular in
vitro. En ese proceso tambie´n se ha obtenido informacio´n cuantitativa sobre las
propiedades cine´ticas y difusivas de una mole´cula fundamental en el desarrollo
vascular (VEGF). El Cap´ıtulo 4 esta´ dedicado a perspectivas de trabajo futuro en
xi
el campo considerado. En particular, se detallan dos proyectos en curso consis-
tentes en extensiones de los modelos matema´ticos aqu´ı considerados. Por u´ltimo,
el Cap´ıtulo 5 recoge las principales conclusiones de este estudio.
En resumen, los me´todos matema´ticos y computacionales que se han desar-
rollado en esta tesis, combinados con te´cnicas experimentales apropiadas, propor-
cionan informacio´n sobre un problema relevante de la morfoge´nesis vascular que
no era conocida previamente. Adema´s, el marco teo´rico propuesto puede usarse
tanto para proponer nuevas hipo´tesis biolo´gicas, como para contribuir al disen˜o
de experimentos biolo´gicos precisos y viables que permitan evaluarlas.
xii
Contents
I Preliminaries 3
1 Modelling vascular morphogenesis: current views on blood ves-
sels development 5
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 The formation of the vascular system in vertebrates . . . . . . . . 8
1.2.1 A variety of blood vessels: structure and function . . . . . 8
1.2.2 Embryonic origin of blood vessel cell progenitors: the an-
gioblastic and endothelial cell types . . . . . . . . . . . . . 10
1.2.3 Morphogenetic mechanisms of vascular development . . . . 12
1.3 Mathematical models of vascular networks formation . . . . . . . 16
1.3.1 Reaction-diffusion systems: the activator-inhibitor paradigm 17
1.3.2 Reaction-diffusion models for the generation of network
patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.3.3 More general continuous approaches . . . . . . . . . . . . . 22
1.3.4 Individual-based and hybrid models . . . . . . . . . . . . . 28
1.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
1.5 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
II Research Work 49
2 A key problem in early embryonic vasculogenesis: vascular pat-
terning by matrix-mediated VEGF signalling 51
2.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.2 Introduction: autocrine vs paracrine signalling . . . . . . . . . . . 52
2.2.1 VEGF and the ECM . . . . . . . . . . . . . . . . . . . . . 54
2.3 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.4 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
2.4.1 Experimental images . . . . . . . . . . . . . . . . . . . . . 58
2.4.2 Morphometric methods . . . . . . . . . . . . . . . . . . . . 58
xiii
CONTENTS
2.4.3 Simulation set-up . . . . . . . . . . . . . . . . . . . . . . . 60
2.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
2.5.1 Model simulations yield vascular-like reticular patterns . . 62
2.5.2 Sensitivity analysis . . . . . . . . . . . . . . . . . . . . . . 64
2.5.3 Model dynamics display fast coalescence and slow remodelling 67
2.5.4 Cell elongation results from chemotaxis towards matrix-
bound VEGF . . . . . . . . . . . . . . . . . . . . . . . . . 69
2.5.5 Morphological dependence on cell density . . . . . . . . . . 69
2.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
2.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
3 Accumulation of exogenous VEGF around endothelial cells guides
in vitro vasculogenesis 79
3.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
3.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
3.3 Mathematical modelling and analysis . . . . . . . . . . . . . . . . 81
3.3.1 Estimating local mass transfer: FRAP analysis . . . . . . 81
3.3.2 A parametrized mathematical model for in vitro vasculoge-
nesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
3.4.1 Exogenous VEGF is key for network patterning . . . . . . 89
3.4.2 Exogenous VEGF is absorbed around cultivated HUVECs 90
3.4.3 VEGF binding molecules colocalize with VEGF absortion
areas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
3.4.4 VEGF in the cultured medium is decreased in a cell density-
dependent manner . . . . . . . . . . . . . . . . . . . . . . 91
3.4.5 Model simulations mimic in vitro HUVEC cultures . . . . 92
3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
3.6 Appendix: Materials and Methods . . . . . . . . . . . . . . . . . . 96
3.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
III Perspectives and Conclusions 101
4 Perspectives 103
4.1 General remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
4.2 Role of cell proliferation in early vascular patterning . . . . . . . . 105
4.3 Role of the vasculature in liver organogenesis . . . . . . . . . . . . 109
xiv
A. Ko¨hn Luque CONTENTS
4.4 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5 Conclusions 115
1
CONTENTS
2
Part I
Preliminaries
3
Chapter 1
Modelling vascular
morphogenesis: current views on
blood vessels development
Contents
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 The formation of the vascular system in vertebrates 8
1.2.1 A variety of blood vessels: structure and function . . . 8
1.2.2 Embryonic origin of blood vessel cell progenitors: the
angioblastic and endothelial cell types . . . . . . . . . 10
1.2.3 Morphogenetic mechanisms of vascular development . 12
1.3 Mathematical models of vascular networks formation 16
1.3.1 Reaction-diffusion systems: the activator-inhibitor paradigm 17
1.3.2 Reaction-diffusion models for the generation of network
patterns . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.3.3 More general continuous approaches . . . . . . . . . . 22
1.3.4 Individual-based and hybrid models . . . . . . . . . . 28
1.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 37
1.5 References . . . . . . . . . . . . . . . . . . . . . . . . . . 38
1.1 Introduction
The question of ascertaining how embryos develop from a single cell (the fertilized
egg) until transforming into a complex multicellular structure is known to have
attracted the attention of mankind since the earliest recorded scientific thought.
Aristotle, for instance, observed that such developmental process (that he termed
epigenesis) should be a sequential one, whereby animal parts “form one after
another ... similarly to the knitting of a net” [11]. Concerning the internal
5
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rules that should govern such a process, he regarded them to be as those ruling
“... automatic mechanisms, whose pieces can be set in motion by some external
action, and then transmit that motion to the nearest ones...” [11].
As a matter of fact, the formation of any complex body follows a structural
building plan that did stabilize throughout the course of evolution. The similitude
of that process with architectural design is a natural one. It is to be noted,
however, that while the plans of a building are laid out well before construction
begins, the building plans of an embryo are dynamical and self-regulating. In
other words, it is the ordered activation of each structure through time which
determines the building block that has to be formed next, and where such piece
has to be located.
The astonishing regularity followed by embryonic development strongly sug-
gests that such process obeys to precise deterministic laws. On the other hand,
it is widely acknowledged that Mathematics provides the most precise toolkit to
deal with quantitative matters which is available as yet. It is thus natural to
wonder whether mathematical models could be derived so that they could de-
scribe embryonic development as Newton’s and Kepler’s laws account for the
motion of objects in the solar system. Far as such long-ranging goal might
be, during the last century many researchers have attempted to develop math-
ematical models to explain biological structures and processes (see for instance,
Refs. [41,60,74,88,101,138,142]). When doing so, a number of assumptions had
to be made, and many approaches have been discussed. For instance, the impor-
tance of optimal design (or variational) problems in prescribing the actual form
of organs was already highlighted in Ref. [138], whereas the role of molecular
reactions, that can be accurately described by systems of differential equations,
has gained momentum over the last years [119, 145].
However, when trying to study developmental processes, mathematical mod-
els have often stepped into a formidable stumbling block: complexity. Indeed,
Mathematics shows its full power when dealing with archetypical, simplified prob-
lems which have been stripped bare of details, to retain only a few features consid-
ered as essential ones. It is commonly assumed, however, that Biology is bound
to face highly complex structures, which are endowed with emerging properties.
By this we mean that the latter appear as a consequence of the complex interplay
of the elements involved in the system and cease to be observed if attention is
focused only in parts or constituents of the whole structure.
A possible way to confront the complexity issue may come through the con-
cept of modularity, which has become pervasive in contemporary Developmental
Biology (see Ref. [130]). According to it, many biological processes can be thought
6
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of as consisting of a set of building pieces or modules, connected between them by
means of suitable interfaces. Such modules operate in an integrated way but any
of them has a degree of insensitivity to context, so that they can perform similar
functions in different biological situations. These features, which in a way make
modules similar to electronic circuits, hint at the possibility of representing them
by means of comparatively simple mathematical models, mutually interconnected
in a hierarchical manner.
Another difficulty inherent in the modelling process is related with the pres-
ence of model parameters. When dealing with developmental processes, the set of
parameters is usually large, and typically, most of them are not known a priori.
Moreover, it is often the case that the model is too complicated to allow for exact
solution or analytical treatment, even when ignoring many essential aspects of
the system under consideration. Our current computing power, however, makes
it possible to perform numerical simulations of quite complex models as long as
suitable estimates for model parameters are provided. The numerical approach
therefore focuses on certain trajectories related with the specific problem under
consideration and allows for quantitative, precise comparison with experimen-
tal data. When doing so, a natural way to obtain an overview over all possible
behaviours of the systems is to explore the parameter space though large-scale
simulations and perform sensitivy analysis for those that are of particular interest.
When dealing with these matters, mathematicians need often to bridge bound-
aries among disciplines. Specific biological knowlegde is essential for selecting the
questions and problems to deal with as well as to consider a minimal set of suit-
able variables and parameters to build up models. Sometimes, it is also important
to understand a wide variety of experimental techniques that are used to obtain
experimental data. For instance, some of the techniques developed to estimate
model parameters make use of mathematical tools but are often deeply based
on physical and biochemical theories. Also, computational skills are crucial to
implement numerical methods and run simulations, for which high performance
computers are sometimes needed. Computing is also essential to acquire quan-
titative information from experiments by means of image processing techniques
or to compare simulated and experimental data, a key task during the modelling
process.
In this work I make use of the conceptual tools described above with the aim
of gaining insight into a particular problem in embryonic vascular morphogen-
esis, the process that give rise to the vascular system of vertebrates. To begin
with, this background chapter introduces the problem and reviews the existing
literature on it from a critical point of view. More precisely, an overview of my
7
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current understanding of the way in which the formation of the vascular system
in vertebrates occurs is presented in Section 1.2. Particular attention is paid to
describe the structure and function of blood vessels, the detail of what is known
about their embryonic origin and the cellular mechanisms by which they develop.
Section 1.3 reviews the main mathematical models that have been introduced to
describe particular aspects of the process under consideration. The focus here
is laid on models that were proposed to explain the patterning of the early vas-
culature. Those include continuous models that make use of nonlinear partial
differential equations, as well as discrete and hybrid ones that account for the po-
sition and shape of biological cells individually. Finally, a number of conclusions
are gathered in Section 1.4.
1.2 The formation of the vascular system in ver-
tebrates
The simplest three-dimensional structures which develop in the early embryo are
tubes. Cylindrical hollow tissue arrangements are quite common during embry-
onic development [2, 25, 27]. Such tubes appear through quite different morpho-
genetic mechanisms and can be used as scaffolds for the development of more
complex structures. One of the best-known examples of biological tubes is that
of blood vessels, which constitute the main subject of the present dissertation.
1.2.1 A variety of blood vessels: structure and function
Circulatory systems are present in many living beings. In the words of Aris-
totle: “...the system of blood vessels in the body may be compared to that of
water courses which are constructed in gardens: they start from one source, or
spring, and branch off into numerous channels, and then into still more, and so
on progressively, so as to carry a supply to every part of the garden ...” [10].
Vessel networks in animals are responsible for sustaining metabolism and
should guarantee physiological homeostasis, that is, the equilibrium of organic
physiology. An apparent requisite for the appearance of vascular structures, both
in embryonic development and throughout evolution, is the progressive decrease
of the body surface/volume ratio as the animal grows. This increase in size implies
that diffusion, a slow mass transfer process [28], is no longer an efficient physical
mechanism to distribute oxygen. Under these conditions the uptake of nutrients
and elimination of metabolic waste soon becomes a serious limitation. The raising
of vascular-like structures is an answer of Nature to these problems [20, 39, 81].
8
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Vertebrate blood vessels are different from those found in many invertebrate
animals. In particular, the former are the only ones continuously lined by a thin
layer consisting of specific vascular cells, the endothelium. Moreover, vertebrate
blood vessel systems are closed vascular beds with no uncontrolled leakage of
blood into the surrounding tissues.
There is a variety of blood vessels among vertebrates, see Figure 1.1. Of these,
the arterial, capillary and venous types are the most relevant ones. Vertebrate
arteries have thick elastic and multilayered walls. Large mature arteries are made
up of three concentric tissue layers: i) an outer tunica adventitia constituted of
fibroblasts, ii) a tunica media including smooth muscle and elastic fibers, iii) and
a tunica intima, formed by the innermost endothelium and the underlying elastic
fibers. Arteries are capable of peristaltic pumping, they approximately contain
a 35-40 % of the total body blood volume and act as a buffering system for the
oscillations of pressure in the circulatory flow [39].
Arteries connect the heart to an intricate network of capillaries through ar-
terioles and metarterioles. Under normal conditions, the potential blood content
of all the capillaries of an individual is estimated to be a 15 % of all the body
blood. However, since metarterioles normally end in a pre-capillary sphincter
that controls the local flow of blood in the capillary bed, only a half of this po-
tential blood volume (around 7 %) is actually contained by capillaries at a given
Figure 1.1: A variety of blood vessels. A. Embryonic coronary arterio-venous
pairs illustrate differences between arteries and veins. The former have a more
complex vessel wall (black arrowheads) and a smaller diameter. The latter display
a wide diameter, but the vessel wall is thinner (white arrowheads). B. Arterial
endothelium has a specific molecular profile as compared to venous endothelium.
The dark precipitate on the endothelium of this transversal section of an artery
(arrowheads) denotes the expression of the ephrinB2 gene (mRNA in situ hy-
bridization). Note that the venous endothelium is negative for the staining.
9
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time. Capillaries are the smallest vessels of the body and are in charge of the
delivery of oxygen and nutrients at the cellular level. They are composed of en-
dothelial tubes of small diameter (around 5-10 microns) discontinuously covered
by pericytes, a characteristic supporting cell type for endothelial cells. Pericytes
present focal contacts with endothelial cells and modulate blood vessel develop-
ment, maturation and remodelling. Pericytes are related to smooth muscle cells
(SMCs) and many authors favour the idea that they could represent a cell subtype
ontogenetically and functionally placed between fibroblasts and smooth muscle
cells [64].
Veins provide the return pathway for the blood circulating from capillaries to
the heart. Veins have a great inner diameter and normally present a less complex
wall than arteries. At least a 50 % of the total volume of blood of vertebrates
is to be found in veins, which can act as a reservoir of blood to sustain arterial
pressure in case of haemorrhage [39, 86].
1.2.2 Embryonic origin of blood vessel cell progenitors:
the angioblastic and endothelial cell types
Angioblasts are the vascular progenitors of endothelial cells, the specific epithelial
cell type that lines the inner surface of vertebrate blood vessels, see Figure 1.2.
Angioblasts have been characterized as originally isolated mesenchymal-like cells
of mesodermal origin displaying an early expression of vascular markers like the
transcription factor SCL/TAL-1 or the type II receptor for the Vascular Endothe-
lial Growth Factor (VEGF) VEGFR-2/Flk-1/KDR [36, 68, 122]. VEGF is the
paradigm of growth factors promoting blood vessel formation. It has been shown
to control a variety of endothelial cell processes, including cell survival, migration
and proliferation. Both angioblasts and VEGF are regarded as primary elements
in most of the mathematical models attempting to explain early vascular mor-
phogenesis. As a matter of fact, it is well known that VEGF signalling is critical
for the coalescence and integration of angioblasts into a primitive vasculature.
However, the precise role of VEGF in this process remains unclear [115,122,144].
VEGF is a glycoprotein that is primarily produced by the embryonic endoderm
and some embryonic mesodermal cells, but there is no evidence that angioblasts
produce a significant amount of it. Accordingly, VEGF is regarded here as having
essentially a paracrine effect on adjacent angioblasts. This observation plays a
fundamental role in this study as detailed below.
Maturation of angioblasts into endothelial cells implies the progressive in-
crease in expression of signalling molecules related to cell-cell adhesion like
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Figure 1.2: From angioblasts to blood vessels. A. Vascular progenitors
(angioblasts, red dots) are free mesenchymal cells that can be cultured on 2D
or 3D (as the image shows) in vitro assays. In this illustration, quail embryonic
angioblasts have been localized after QH1 staining (red). B. Endothelial cells
form the inner layer of forming vessels like the dorsal aorta. Endothelial cells
express the type II receptor for VEGF (VEGFR-2) (green, arrowheads)
PECAM/CD31 and VE-Cadherin, leading to the formation of a coherent ep-
ithelial tissue known as endothelium [122]. Accordingly, endothelial cells should
be regarded as a part of a complex histological unit, the endothelium. Mature
adult endothelial cells secrete von Willebrand factor (vWF), a glycoprotein that
acts as a carrier of factor VIII (a key ingredient of the coagulation process) and
accumulates in Weibel-Palade bodies (WPb). Transmission Electron Microscopy
studies reveal that the presence of WPb, caveolae, a reduced cytoplasm, and a nu-
cleus with an elliptical section are the prototypic structural features of endothelial
cells [17]. However, not all endothelial cells are equal. From a structural point of
view, blood-brain barrier endothelial cells display tight cell-to-cell junctions that
make of this endothelium a highly selective one, whereas liver sinusoidal and re-
nal glomerular endothelia present fenestrations that transform it into a permeable
tissue. Furthermore, the endothelium of big vessels (macroendothelium) has been
shown to be different to that of small vessels like capillaries (microendothelium).
At the molecular level, microendothelial cells tend to show a diffuse cytoplasmic
distribution of vWF, lacking the characteristic WPb of macroendothelium; in this
regard microendothelial cells resemble embryonic endothelial cells. Finally, the
expression of extracellular matrix (ECM) molecules, matrix metalloproteinases
(MMPs) and lectin-binding properties are also different between microvascular
and macrovascular endothelial cells [1, 32, 66, 72, 80].
The molecular and cellular mechanisms that control the determination and
11
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differentiation of angioblasts are still subject to controversy. An important ques-
tion that remains without answer is whether all embryonic endothelial cells of
an individual originate from a common original pool of angioblasts differentiated
soon after gastrulation [12], or if different waves of angioblastic differentiation
take place from the mesoderm as the embryo forms [36, 110, 132]. If we accept
the first hypothesis, then most of the endothelial cells of any vertebrate should
derive from a primordial source of angioblasts by a continuous and sustained
proliferation along embryogenesis. Furthermore, under this premise, angioblasts
should be able to actively migrate as the embryo grows (for more details, see
Section 1.2.3 below). On the contrary, the second hypothesis favours the view
that a high proliferation of angioblasts is not necessary to initiate vascular mor-
phogenesis, since the process would be dependent on de novo local differentiation
of angioblasts in situ.
The discussion on the proliferation of the angioblastic/endothelial cell type
is crucial to understand early embryonic vascular development. It is commonly
accepted that endothelial cells have a low proliferation rate in the adult, and a
high one in the embryo [121]. However, the reported proliferation rates of in vivo
angioblasts [19,78,97] are not high and, as a matter of fact, the strong pro-mitotic
effect of well-known growth factors for endothelial cells like VEGF is characteristic
of in vitro-cultured adult endothelial cells [4,70] but has not specifically been re-
ported for cultured angioblasts. Most interestingly, addition of exogenous VEGF
to developing embryos (often used at supra-physiological levels in vivo as well as
in in vitro settings) seems to produce vascular dysmorphogenesis by endothelial
hyperfusion rather than increased cell numbers, so that the formed vessels are
abnormal, displaying a wider lumen and a sinusoidal shape [35]. Finally, sev-
eral studies have demonstrated that isolated embryonic angioblasts display a low
cell proliferation [18, 53] as well as that a strict control of the proliferation of
angioblasts and immature endothelial cells is essential to proper vascular devel-
opment and remodelling [78]. For all these reasons, it has been suggested that
proliferation is not a primary factor accounting for early blood vessel develop-
ment.
1.2.3 Morphogenetic mechanisms of vascular development
Vertebrate blood vessels can form through very different cellular mechanisms.
The earliest outline of the adult circulatory system appears very soon in devel-
opment after a morphogenetic process named vasculogenesis. This phenomenon,
which takes place before the onset of blood flow, involves the coalescence of
isolated endothelial cell progenitors of mesodermal origin (angioblasts) to form
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tubular endothelial structures of different calibre [49,114,120,122,123]. Therefore,
the first vascular structures that appear in any individual form by vasculogene-
sis, which is the predominant vascular development mode in the early embryo.
Primitive embryonic vascular networks continue growing by angiogenesis, an al-
ternative mechanism of vessel growth based on the invasive sprouting or division
of pre-existing blood vessels [40, 42, 58, 120]. Quite logically, angiogenesis, that
will become the main normal and pathologic mechanism of blood vessel growth
and remodelling throughout adulthood, depends on embryonic vasculogenesis to
ever take place.
Vasculogenesis is a paradigmatic kind of mesodermal tube formation [61].
As pointed out in the previous section, a first fundamental step in this process
is the onset of the endothelial cell lineage (angioblasts). Once such population
is established within the mesenchymal component of the mesoderm, the next
morphological event is the assembly and patterning of those cells into vascu-
lar networks. In this process, that takes place in a thin planar surface of the
mesoderm, primary unicellular units (angioblasts) associate into secondary mul-
ticellular vascular units (vascular chords, blood islands) that will in turn fuse
giving rise to planar blood vessel networks [122, 123]. During the assembly and
fusion process, angioblasts progressively differentiate into endothelial cells and at
the same time the formation of the vascular lumen occurs. The vasculogenic stage
ends when vessels undergo maturation and initiate remodelling, which involves
both angiogenic growth and vessel pruning.
Cellular characteristics of angiogenesis are different to those observed through-
out vasculogenesis. Development of new vessels by angiogenesis involves the ac-
tivation of quiescent (not dividing and not able to migrate) endothelium. An-
giogenic endothelium is locally mobilized, loosing cell adhesion, gaining a disor-
ganized aspect and producing characteristic filopodial projections at the front of
the growing endothelium. In parallel, angiogenic endothelium proliferates and
initiates an active degradation of the endothelial basal membrane and the sur-
rounding extracellular matrix [16, 148]. As a result vessel sprouts are form that
invade the surronding tissue guided by gradients of angiogenic signals, including
VEGF [44]. Specific endothelial cells at the tip of growing vessel sprouts are called
tip cells, whereas other endothelial cells that stay behind tip cells and maintain
the integrity and perfusion of growing vessels are called stalk cells. The dynamic
molecular and cellular mechanism that govern tip cell selection during sprouting
angiogenesis have been partially elucidated [40]. During vasculogenesis, however,
it remains largely unclear whether such phenotypic cell specialization exist. Also,
the function of VEGF as a chemoattractant during angiogenesis (forming gra-
dients that guide growing sprouts) is better understod than in vasculogenesis,
13
CHAPTER 1. MODELLING VASCULAR MORPHOGENESIS: CURRENT VIEWS ON BLOOD VESSELS
DEVELOPMENT
Figure 1.3: Components of the embryonic vascular system. A. The whole
vascular tree of a quail embryo (36 hours of incubation) is shown. The endothe-
lium has been counterstained with the quail specific vascular marker QH1 (green).
B. A detail of the posterior vasculature shown in A is presented. Early vascular
structures are arranged forming networks that display polygonal-like holes (aster-
isks). Arrowheads mark the appearance of endothelial sprouts in the developing
vasculature. C.Mouse endothelial cells growing on plastic. The cell membrane of
the cells expresses variable levels of the cell-cell adhesion molecule VE-cadherin
(green) which allows for the formation of a characteristic cobblestone-like mono-
layered epithelium. D. Mouse vascular smooth muscle cells (green, α-smooth
muscle actin-positive) in culture. The visceral musculature (non-striated) is a
major component of the blood vessel wall (medial layer).
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where VEGF signals from the endoderm are believed to more uniformly impinge
on angioblasts.
Another important controversy in the understanding of the first steps of
vasculogenesis is that of the much discussed migratory properties of angioblasts
or, in other words, the ontogenetic relation existing between angioblasts and the
locations where vascular formation takes place. In a classic paper, Poole and Cof-
fin [26] classified vasculogenic events into two categories. In type I vasculogenesis,
angioblasts would differentiate in situ and form a vessel in the same place where
they first appeared as true vascular progenitors. On the contrary, type II vascu-
logenesis takes place when angioblasts differentiate far from the point where they
will eventually form blood vessels. It is evident that type I implies a reduced
migration of angioblasts whereas type II vasculogenesis relies on long-distance
angioblast migration. Cardinal and vitelline veins as well as the primary vascular
networks of visceral organs like the lungs, kidneys, spleen, heart (endocardium
and coronary vessels), liver, pancreas and other elements of the digestive system
form by type I vasculogenesis [8,26,69,109,110,132,141]. On the other hand, the
nervous system becomes vascularized after the migration of angioblastic popu-
lations (type II vasculogenesis). These angioblasts first pre-organize themselves
through vasculogenesis in a perineural vascular plexus that then undergoes an
extensive angiogenesis [103, 104]. This may reflect the close relation that ex-
ists between the endoderm and the origin of angioblasts, so that the embryonic
mesodermal territories can be divided into two main regions, a ventral visceral
(splanchnic) one, which produces high numbers of angioblasts that tend to form
blood vessels in situ, and a dorsal somatic one, where angioblast differentiation
is enormously reduced. This latter situation results in angioblast recruiting from
other locations. As described above, motility and migration of angioblasts is a
pivotal aspect of early vascular development and must thus be taken into account
when mathematical modelling of vascular development is performed.
Quite remarkably, early drafts of vascular structures show a characteristic
patterning that is most evident during embryonic vasculogenesis, see Figure 1.3.
Angioblasts are known to arrange in space forming planar networks displaying
polygonal profiles even before expressing molecules that reveal their full commit-
ment into the endothelial lineage [36, 37]. However, the signals and local cues
that regulate the appearance of this pattern remain unclear. It has been widely
discussed as whether a pre-patterning could exist for early vascular structures, i.e.
if intrinsic properties of the primary (undifferentiated) mesodermal or endoder-
mal tissues can account for the characteristic organization of primitive vascular
networks. There is every indication that genetically predetermined cues play
a crucial role in the patterning process, as for instance by determining precise
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spatio-temporal expression of provascular growth factors. On the other hand,
it is known that early vascular patterns vary substantially at the cellular scale
between different embryos of the same species. Also, transplantation experiments
between embryos of different species proved adaptation and integration of cells
from tissue grafts to the new environment. This suggests a different mechanism
where a dynamical, self-regulated activity of vascular precursors would influence
the pattern in response to local environmental cues. Also, recent studies suggest
that the collective, protrusive activity (sprouting) of embryonic endothelial cells
and the interaction with a dynamic ECM is enough to create early vascular pat-
terning [30,31]. A suitable mathematical formulation and its subsequent analysis
seems particularly suited to shed light on that issue. Also, the appearance of
geometrical vascular structures with characteristic forms and sizes calls at once
for mathematical modelling.
1.3 Mathematical models of vascular networks
formation
Mathematical modelling allows us to explore different biological hypothesis even
beyond our experimental reach. At the same time it provides quantitative, pre-
cise ways of comparing predictions and experimental observations. In this section
a number of mathematical models that have been proposed to explain particu-
lar aspects of early vascular patterning are discussed. Specifically, a number of
models that keep track of the exchange of chemical signals, which goes along
with (and to a large extent is a cause of) the unfolding of the vascular pattern,
are analyzed. Some of those models explicitly account for cells, either through
continuous densities or tracking them individually. Also, some mechanical and
multiscale aspects involved in vascular patterning will be discussed.
It is important to note that although vascular networks are composed of
tubes, which are three dimensional structures, the models of vasculogenesis to
be discussed in this dissertation just account for two spatial dimensions. As a
matter of fact, both in embryonic vasculogenesis and in the in vitro cultures of
endothelial cells that will be considered here, the patterning process takes place
in a thin and planar surface. As cell movements in the vertical direction are
very small compared with the size of the simulated structures, a third spatial
dimension is neglected. Also, the models presented here do not take into accout
the formation of endothelial tubes, a process that runs in parallel to the patterning
one.
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1.3.1 Reaction-diffusion systems: the activator-inhibitor
paradigm
Reaction-Diffusion (RD) systems are mathematical models which provide a de-
scription of processes whose major players at the microscopic level are i) random
movement of molecules, and ii) chemical reactions between them (see Ref. [56]
for a review). Some systems of Partial Differential Equations (PDEs) of this type
have been proposed to explain the formation of vascular structures [73, 87, 90].
These models assume the existence of signalling molecules that are characterized
by well-defined kinetic properties, such as their diffusion rate and half-life time.
They are of a continuous nature, in the sense that chemical molecules are re-
garded as points moving in a surrounding space and are represented in the model
by means of continuous density functions. To this day, they continue to be most
widely used to describe pattern formation in Biology.
A basic building block for this sort of systems are the so-called Activator-
Inhibitor (AI) models. These have been formulated in terms of linear systems [142]
as well as by means of nonlinear ones [45]. The latter setting has proved to en-
code a richer dynamics than the former one. For instance, in reference [45] it
was observed that crucial conditions for stable pattern formation are local self-
enhancement and long-range inhibition. More precisely, their AI system describes
the dynamics arising from the interplay of two substances. One of them (the ac-
tivator), a(x, t), is autocatalytic, and at the same time produces an antagonist
(the inhibitor), h(x, t). The inhibitor counteracts the activator, and diffuses faster
than a does into the surrounding medium. In its simplest version, the model takes
this form: 

∂a
∂t
= Da∆a+
ca2
h
− µa,
∂h
∂t
= Dh∆h + ca
2 − νh,
(1.1)
where Da, c, µ, Dh, ν are positive constants and ∆f =
∑n
k=1
∂2f
∂x2
k
for n = 1, 2, 3. It
has been shown by mathematical analysis and numerical simulations that random
fluctuations on the ability to perform the reaction and/or the initial concentra-
tions of the substances are sufficient for pattern initiation and stabilization within
certain parameters sets [88, 101]; see Figure 1.4. An alternative for the antago-
nistic reaction consists of the depletion of a substrate s, which is required during
the activator production, giving rise to the so-called activator-substrate model.
Here, the substrate must also diffuse faster than the activator, to allow for the
formation of the corresponding patterns [88].
The complexity of the patterns obtained from RD systems can be further in-
creased if several such models are combined in a hierarchical, or modular, way, as
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Figure 1.4: Activator-Inhibitor model. A typical pattern produced by the
activator-inhibitor model (1.1) in two spatial dimensions. Initial, intermedi-
ate and final activator (top) and inhibitor (bottom) distributions are shown.
Reprinted with permission by Prof. H. Meinhardt.
described below. Moreover, cell differentiation can be accounted for by assuming
that, i) at an appropriate stage, the cells that are building a biological structure
make use of position-dependent signals to change their state of determination,
and ii) cells may maintain this acquired determination when the evoking signal
vanishes, provided that the external cue is strong enough, and will remain in
their previous stage otherwise. Such behaviour is usually termed as bistability.
A simple example of a switching system that describes a bistable process is given
by:
∂y
∂t
= ρ
y2
1 + ky2
− µy + σext,
where ρ, k and µ are positive constants and σext describes a external signal. Note
that for suitable choices of the previous parameters, the function:
f(u) = ρ
u2
1 + ku2
− µu+ σext,
behaves as indicated in Figure 1.5.
1.3.2 Reaction-diffusion models for the generation of net-
work patterns
As observed in Section 1.2, reticular and filamentary structures are often encoun-
tered during vasculogenesis. A theoretical model that describes the development
of a two-dimensional network consisting of filamentary structures was proposed
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Figure 1.5: Bistability. Kinetic curves corresponding to f(u) for different values
of σext. a) A typical bistable system, with two stable equilibria y = u1, y = u3
separated by an unstable one y = u2. b) A graph of f(u) for σ
ext > 0. Note that
two of the former equilibria have disappeared.
in [87]. Its basic assumptions are: i) Filaments grow as a consequence of the
action of an AI system, which generates a local signal for networks filaments
elongation. ii) When these signals are above a certain threshold, the exposed
cells irreversibly differentiate into members of the filament system. iii) To ac-
count for the invasion of a region not supplied by filaments, all cells are supposed
to produce a growth factor that attracts the net and is consumed by the differ-
entiated cells belonging to it. Keeping these ideas in mind, Meinhardt wrote the
following system of PDEs:


∂a
∂t
= Da∆a +
a2s
h
+ ρ0y,
∂h
∂t
= Dh∆h + a
2s− νh + ρ0y,
∂s
∂t
= Ds∆s + c0 − λs− εsy,
∂y
∂t
= y
2
1+ky2
− ey + da.
(1.2)
Here a = a(x1, x2, t) (respectively, h = h(x1, x2, t)) denotes the concentration
of a chemical which is termed as activator (respectively, inhibitor), s = s(x1, x2, t)
is the growth factor concentration, and y = y(x1, x2, t) denotes a variable that
accounts for cell differentiation. Such model can describe interesting features,
some of which closely resemble those of actual biological networks: bifurcations
and lateral branches can be formed, the density of filaments can be regulated
according to local tissue demand, the outgrowth of a filament can be oriented
towards a target area, and a damaged net can be repaired [87–90]. Moreover, the
role played in the model by the growth factor s fits in some aspects with known
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Figure 1.6: Filamentary networks. A simulation of system (1.2) is shown.
A. Initially, a filamentary structure (blue) goes from the left bottom corner of
the field to the top, where a high growth factor production is assumed (dark
green). B. The filaments start branching in the middle top of the field. As
high inhibition is assumed in the centre of the panel, no branches enter this
area. C. The final configuration shows high-density networks in the middle
top, while no or few filaments are formed in the centre and bottom sides of
the panel. Note also that reconnections between different branches do not take
place. Adapted from http://www.eb.tuebingen.mpg.de/departments/former-
departments/h-meinhardt .
VEGF properties. For instance, it is well known that diffusible forms of VEGF
are released by tissues attracting new vessels [79]. This can be mimicked by a
suitable production term c0 in the third equation of (1.2). Furthermore, tip cell
activation depends on VEGF [44], as assumed in the model (see the term a
2s
h
therein). Another remarkable fact accounted by the previous system (more than
thirty years before its discovery) is that for tip cell selection to occur, a lateral-
inhibition mechanism should be working. Indeed, experiments in angiogenesis
have shown that lateral-inhibition is mediated by cell-to-cell contact throught
the Notch-Delta pathway [40,135]. Interestingly, recent experiments also suggest
that stalk cells release VEGF inhibitors to the extracellular medium, thereby
providing local guidance to the emerging vessel sprouts led by a tip cell [23].
This last mechanism, that was not included in the original model, is likely to have
an impact on the simulated network patterns. It is important to note that the
network patterns generated during the early stages of blood vessel development
display differences with respect to the ones provided by the previous model. For
instance, (1.2) does not favour vessel merging (anastomosis), see Figure 1.6, which
is however observed in high vascular-density areas during active vasculogenesis
or angiogenesis processes. Note also that, in this case, cell differentiation occurs
in situ, and cell migration is not included in the model.
We next recall an alternative RD mechanism based in different hypotheses:
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namely, that there are signals involved in the determination of avascular areas and
others that establish the pattern where the cells should set up the structure, but
cells as such are not explicitly taken into account. More precisely, in reference [73]
a reticular structure is obtained from the interaction of four substances. The
corresponding dynamics are described by means of two different, coupled AI
systems. A first pair of equations for an activator and a substrate (a, s) gives
rise to a distribution of patches, whereas the second AI system (b, h) generates
stripes around previous patches. The corresponding equations are:


∂a
∂t
= Da∆a + ρa
(
sa2
1+kab2
− a
)
+ σa,
∂s
∂t
= Ds∆s− ρs
(
sa2
1+kab2
)
+ σs,
∂b
∂t
= Db∆b+ ρb
(
s2
1+kbab2
(
b2
h
+ σb
)
− b
)
,
∂h
∂t
= Dh∆h + ρh (b
2 − h) .
(1.3)
The coupling is done in a hierarchical way, so that the (a, s) system triggers
the (b, h) one. The concentration of the activator a (avascular areas activator)
acts in the third equation of (1.3) modulating the saturation value of the activator
b (vascular areas activator). Therefore, in regions with high a concentration, the
system (b, h) loses significance, while in areas of low a concentration the second
system is able to generate stripes. Moreover, the term ρbs
2 in the third equation
of (1.3) favours the stripes formation at high substrate s concentration regions, at
the maximum distance from the patches. The final result is a reticulated structure
similar to the polygonal vascular networks observed in vivo; see Figures 1.3 and
1.7. It has been pointed out in References [73] and [90] that such a pattern has
size-regulating properties, since it keeps the size of avascular areas nearly constant
even if the domain is growing. Nevertheless, identification of possible molecular
agents playing an active role in the prepatterning of avascular areas (or lacunae
as these are usually termed) remains an open question.
It is worth noticing that, while numerical simulations of the previous and
similar systems are comparatively easy to perform, the mathematical analysis of
activator-inhibitor and related systems (as for instance that describing the unfold-
ing of a planar vascular net presented before [87]) is still far from being complete
in the case of two and three space dimensions (see Refs. [125] and [9]). From a
biological point of view, the identification of the chemicals actually involved is a
difficult task. Quickly diffusing inhibitors are particularly elusive. In fact, what
theory requires is that for an activator, the diffusion coefficient should be rather
small, whereas the diffusion rate of an inhibitor should be much larger. As a
matter of fact, the well-known Einstein-Smoluchowski theoretical formula for the
21
CHAPTER 1. MODELLING VASCULAR MORPHOGENESIS: CURRENT VIEWS ON BLOOD VESSELS
DEVELOPMENT
Figure 1.7: Reticular networks. A simulation of system (1.3) is shown. A. Ini-
tially, homogeneous concentration of the chemicals is assumed. B. An intermedi-
ate step of the simulation where patches of the avascular areas activator (blue) and
stripes of vascular areas activator (red) are already present. C. The final configu-
ration shows a distribution of similar size patches and a homogeneous reticulated
structure. Adapted from http://www.eb.tuebingen.mpg.de/departments/former-
departments/h-meinhardt .
diffusion coefficient D of molecules of a solute in a dilute solution (cf. Ref. [28])
gives:
D =
kBT
6πrη
,
where kB is the Boltzmann constant, T is the absolute temperature, η is the
viscosity of the solvent the solute molecules diffuse in, and r is the radius of
the solute molecule. This would imply that, under our previous assumptions,
the inhibitor should be a very small molecule. Actually, a diffusivity ten times
higher would correspond to a radius ten times smaller. It may be possible that
more complex kinetic schemes are needed for characterizing negative feedback
loops as those encoded in the activator-inhibitor model recalled above. Also, an
impaired diffusivity might result from a comparatively high affinity of the diffusing
molecules with other particles. Related to this, it has been suggested very recently
that in some systems the same molecules could have a dual role, functioning
as activators and also as inhibitors after being re-processed, a procedure that
involves, among other things, a change in their diffusivity [91].
1.3.3 More general continuous approaches
In the following paragraphs I will describe some continuous models that have
been proposed to explain the generation of in vitro vascular networks, and that
besides reation and diffusion, incorporate additional mechanisms.
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A chemotaxis model. A chemotaxis model was introduced in references [43,
131] and later refined and analysed in references [5,75,77,139]. The authors aim at
reproducing the observed dynamics in in vitro cultures of Human Umbilical Vas-
cular Endothelial Cells (HUVECs) in a thin layer of Matrigel (a hydrated matrix
with proteins that favours vascular development). In these cultures, structures
with polygonal network shape emerge, similar to the ones observed in vivo. The
networks formed in Matrigel can be seen as a series of nodes connected by cords.
An interesting feature to highlight is that the average length of the cords is ap-
proximately constant (around 200 microns) if the initial number of cultured cells
is in a range between one hundred and two hundred by mm2. When the initial
number is less than a hundred by mm2 no connected structures are formed, while
for high cellular densities a continuous pattern with big holes unfolds, which the
authors call Swiss cheese pattern. The dependence of the network structure on
the initial number of cells has been related by the authors to what is known in
physics as a percolative transition [52, 133].
The quantitative model to be recalled below intends to account just for the
initial behaviour of the culture. For its formulation the following assumptions are
made: i) since the culture thickness is very small and the formed network is prac-
tically flat, it is supposed that the system can be studied in two space dimensions;
ii) the cell population can be described by a continuous distribution of density
ρ(x, y, t) an velocity ~v(x, y, t) on each point (x, y) of the Matrigel surface and at
every time t; iii) the cellular population in the early developmental stages can be
modelled as a fluid of non-directly interacting particles; iv) no proliferation or cell
death is taken into account; v) cells are accelerated by gradients of a diffusible
substance (chemoattractant), whose concentration is described by c(x, y, t); and
vi) it is supposed that the chemoattractant is released by the cells themselves (be-
low, we will refer to this hypothesis as autocrine chemotaxis hypothesis), diffuses
and is degraded according to known diffusivity and half-life parameters. From
these assumptions, using simple balance laws, the authors derive the following
model: 

∂ρ
∂t
+ div (ρ~v) = 0,
∂~v
∂t
+ ~v · ∇~v = β∇c,
∂c
∂t
= D∆c+ αρ− c
τ
.
(1.4)
While the first equation in (1.4) is a cell mass conservation equation, the
second one corresponds to the hypothesis that cells are accelerated by chemical
gradients; β measures the intensity of the chemotactic pull. The authors inter-
pret the convective term in the second equation of (1.4) as accounting for cell
persistence [5,131]. According to the third equation of (1.4), the chemoattractant
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is released by cells at a rate α, diffuses freely in the medium (D is its diffusion
coefficient) where is also degraded; τ is related with the half-life time for this
substance. If we suppose that the diffusion is a faster process than the forma-
tion of the pattern (fast diffusion approximation), it is possible to drop the time
derivative term in the third equation of (1.4), which then reads:
(
−D∆+ 1
τ
)
c = αρ.
This last can be formally solved for c:
c =
α
D
(
1
τD
−∆
)−1
ρ.
Replacing then c in the second equation of (1.4), we arrive at:


∂ρ
∂t
+ div (ρ~v) = 0,
∂~v
∂t
+ ~v · ∇~v = αβ
D
∇
(
(ξ−2 −∆)−1 ρ
)
,
where ξ =
√
τD is a characteristic length scale that represents the effective range
of interaction mediated by the assumed chemoattractant [131]. The initial con-
dition for cell density is imposed in the form of a set of n randomly distributed
bell-shaped bumps having a width of the order of the average cell diameter. Un-
der a suitable choice of the parameters, a remarkable correspondence between
simulations and experiments is reported, both in the dynamics and in the final
pattern [5, 131]; see Figure 1.8. Some striking results are: i) If the chemoattrac-
tant is identified as VEGF, the characteristic lengths predicted by the model are
said to be of the same order of magnitude as the ones observed in the cultures;
ii) The model displays a percolative transition (for details on this concept see
reference [52]) in terms of the initial number of endothelial cells.
In Reference [5], additional features are taken into account: a dissipative in-
teraction with the substratum, non isotropic conditions for the chemoattractant,
and a pressure term to take into account a limited compressibility of cellular mat-
ter. The presence of the pressure term in the model is critical, as it avoids the
blow-up of solutions typical of many chemotaxis models [55, 76, 108]. Pressure
becomes relevant in the presence of high densities, i.e. in the proximity of formed
structures, and contributes to their regularization. In this way cell overcrowding
is prevented. On the other hand (see Ref. [75]) a linear stability analysis sug-
gests that chemotaxis is the key destabilising force in the mathematical model
considered, while pressure is the main stabilizing one.
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Figure 1.8: Chemotaxis model. Comparison between simulations and in vitro
cultures. (A-D) Human microvascular ECs were plated on Matrigel and the
time course of network formation recorded by time-lapse videomicroscopy. (E-
G) Position of cell centroids obtained by model (1.4) using the same number of
cells and physical values of the relevant parameters as in panels A-D. Reprinted
by permission from Macmillan Publishers Ltd: The EMBO Journal (Ref. [131]),
copyright (2003).
The aforementioned models mimic certain aspects of vascular development,
but they contain some hypotheses that have not been fully substantiated from a
biological point of view. Specifically, they assume that cell chemotaxis is induced
by VEGF, which is produced and released by the cells themselves. Nevertheless, it
is well known that most endothelial cells express VEGF receptors (as VEGFR2),
but it is not clear whether they are normally able to produce VEGF (to be
discussed in detail in Chapters 2 and 3). Another possibility is that other growth
factors not considered in the model (or even not characterized yet) could play the
same role which is therein conferred to VEGF.
An important remark is that it is usually observed in simulations that the
reticulated structures that are formed are not stable (though they may last for
comparatively large times), and they become undone as time passes. Neverthe-
less, it is possible to stabilize them by taking into account mechanical interactions
between the cells and the substratum through a two-layer model [139].
A mechanical model. Mechanical aspects of pattern formation in vasculoge-
nesis, a subject that deserves attention in itself, can be found in [6, 82, 83, 101,
102, 140], and references therein. Here, I just briefly review a mechanical model
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mechanism proposed in [82] to account for in vitro cultures of HUVECs in Ma-
trigel as the ones described before. The model is based on the Murray-Oster
mechanochemical modelling framework developed in references [99, 100]. It at-
tempts to capture the key interactions between mechanical forces generated by
HUVEC cells and Matrigel. The main assumptions are as follows. Local changes
in cell density occur mainly as a result of: i) a passive motion (or convection)
due to the attachment of the cells on the moving matrix; and ii) a strain-biased
random motion along areas of aligned matrix fibers. As in the in vitro cultures
the matrix domain is much larger than the thickness of the matrix, it is approx-
imated as a two-dimensional material. By considering only small strains, the
matrix can be modelled as a linear viscoelastic material. The model accounts for
three different type of forces: i) the cell-exerted traction; ii) the viscoelastic forces
of the matrix material that are resisting the deformation caused by the cells; and
iii) a drag force due to matrix-dish contact. Bearing in mind these assumptions,
the following model was derived:


∂n
∂t
= −∇ · (n∂u
∂t
) +∇ · ∇(D(ǫ)n)
−∇ · σcells −∇ · σmatrix = Fdrag
(1.5)
where n is cell density, u is the vector displacement of the matrix and ǫ =
1
2
(∇u + ∇uT ) is the strain tensor. The form of D(ǫ) depends on the specific
assumption about how cells perform their random movements in a strained field,
reviewed in Reference [101]. The symbols σcells and σmatrix correspond to the
stress tensor in the matrix due to cell traction and the viscoelastic stress tensor
in the matrix, respectively. Fdrag is the force due to the interaction of the matrix
with the dish. More details about the specific assumptions to model the stress
tensors and the drag force can also be found in Reference [101]. The first equation
in (1.5) is a balance equation for the cell mass, while the second one is a force
balance equation for the mixture of cells and matrix. The model mechanism was
analyzed in [82, 101] using analytical and numerical methods . Some striking
results are: i) Formation of network patterns is possible through just a purely
mechanical process (see Figure 1.9); ii) Random motility of cells is not necessary
for the formation of the pattern, provided that the seeding density was sufficiently
large; iii) The sizes of the holes in simulated networks depends on matrix thickness
as observed in experiments.
Previous studies on mechanical effects indicate that mechanics influences vas-
cular patterning in in vitro cultures [22,140]. The mechanical theory might even
explain why different cell types also form characteristic networks [34, 105]. How-
ever, a pure mechanical scenario contradicts certain experimental observations
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Figure 1.9: Mechanical model. Numerical simulations of system (1.5). Initially
cells are approximately uniform, but slowly areas of higher cell densities form
(white) which exert traction onto the matrix and generate areas devoid of cells
(black). Figure from [83].
during embryonic vascular patterning. For instance, it is at conflict with the ob-
servation of cell sprouts in vivo not growing towards each other [127]. Moreover,
it does not explain why growth factors as VEGF are crucial both in vitro and in
vivo.
Kinetic theory of active particles. Another subject that deserves to be ex-
plored is the possible use of the kinetic theory of active particles in the study of
the topics herein considered. The aforementioned theory can be roughly described
as an extension of the classical kinetic theory, where macroscopic evolution equa-
tions (including RD equations in some limit cases) are derived from an underlying
microscopic description. In biological examples, one often has to deal with large
systems of interacting cells, and not only positions and velocities have to be con-
sidered, but a new microscopic state (termed activity) and representing biological
functions at any level, has to be introduced. As of today, interesting results have
been obtained in fields as tumor-immune competition (see Refs. [14, 15] for a re-
view), but applications in the context of vascular morphogenesis have not been
developed.
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1.3.4 Individual-based and hybrid models
While continuous models are appropriate for describing the spatio-temporal dy-
namics of systems with a large number of particles (for instance, signalling molec-
ules or large cell populations), they are not necessarily adequate in systems con-
sisting of a small number of interacting discrete individuals. Instead, the so-called
individual-based models appear as a useful choice when one has to deal with the
dynamics of small populations or one tries to link the microscopic local behaviour
with the macroscopic collective one.
Cellular Automata. A relevant group of individual-based models consist in
Cellular Automata (CA). The notion of CA was proposed first by J. von Neumann
and S. Ulam in the 1950s and was motivated by models of self-reproduction [21,
146]. In subsequent years the concept and applications of CA have been extended
in many different ways. A rather general definition of CA can be made by means
of a set of elements (L, E ,N ,R) [33], where L is a regular grid made up of regular
polygons (usually termed as nodes or cells) that are labelled by its position r ∈ L.
These are not to be confounded with biological cells. When L is finite, appropriate
boundary conditions must be specified. E is a finite (usually small) set of states
(numbers, colours or any other objects) that characterizes nodes. Thus, for each
node r ∈ L, and each discrete time step k ∈ N , a state value s(r, k) ∈ E
is assigned. N is a finite set of nodes (usually symmetric) that describes the
interaction neighbourhood of every node r ∈ L. R is a local transition rule
that determines the dynamic of the states of each of them as a function of its
interaction-neighbourhood configuration in the previous m time steps (normally
m = 1). R is generally spatially homogeneous, i.e., it does not depend explicitly
on the cell position r. The CA is called synchronous if the local rule is time-
independent and asynchronous if it is not. When the local rule is deterministic,
we say that the CA is a deterministic one. In probabilistic CA the local transition
rule specifies a probability distribution of subsequent states for each possible
neighbourhood configuration.
A relevant type of CA is the Lattice-Gas Cellular Automata (LGCA). In
LGCA, c channels are introduced at each node of the lattice, one for each node
neighbour (called velocity channels) and a variable number of rest channels. A
node configuration is prescribed by assigning the value 1 or 0 to each channel in
the node; see Figure 1.10. In many applications, label 1 corresponds to a particle
(or maybe a biological cell) being located at that node, which will change as spec-
ified by the LGCA rule. This rule is subdivided in two sequential stages: a first
local interaction one, where particles can change channels and/or be created or
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Figure 1.10: Node configuration in a LGCA. 4 velocity channels of node
r in a two-dimensional square lattice with one rest channel. Filled dots denote
the presence of a particle in the respective channel. Reprinted from [33] with
permission from Prof. A. Deutsch.
destroyed, and a second propagation step, where particles are moved simultane-
ously to nodes in the direction assigned by their channels. The dynamics of these
CA arises from iterations of combined interaction and propagation steps simul-
taneously applied at all lattice nodes at each discrete time step. The definitions
of these steps have to satisfy the exclusion principle: there can be no more than
one particle at each channel in each node. LGCA models are a fruitful approach
for studying pattern formation in interacting biological cells systems. LGCA ac-
counting for RD signalling, growth processes, chemotaxis, adhesive interactions,
contact inhibition of movement, have been simulated and analysed [33]. Ex-
tended models accounting for several such behaviours together with subcellular
and supracellular scales phenomena have been performed [3, 13, 54, 107]. How-
ever, little seems to be known about applications to de novo formation of vascular
networks. It is to be noticed that cell morphology, a feature that becomes impor-
tant to describe the vacular patterns at the cellular scale, seems to be difficult
to incorporate into LGCA. An alternative individual-based model for overcoming
such drawbacks is the hybrid Cellular Potts Model (CPM) that is present below.
Cellular Potts Model. The CPM was introduced by F.Graner and J.Glazier
in Refs. [46,51]. The original model was designed to simulate differential-adhesion
driven cell rearrangement resulting from cell adhesion molecules, and quantita-
tively reproduced cell-sorting experiments that include the separation of different
cell phases. This process is observed both in vivo and in vitro. In fact, dif-
ferential adhesion is nowadays considered as very important in embryogenesis,
especially during histogenesis and organogenesis. Moreover, its relevance has
also been suggested in pathological situations (like cancer) as well as in tissue
engineering [111, 134].
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Nowadays, the CPM is a versatile modelling framework used in many bio-
logical processes. Concerning embryonic morphogenesis, it has been applied to
gastrulation, [62, 147] somitogenesis, [48, 59] limb development, [24, 116] mosaic
patterning in chick inner ear epithelium, [113] as well as to study the complete
life-cycle of the myxamoeba Dyctiostelium discoideum [84,85,128]. It is also used
in many other situations, ranging from tumour growth [67,126,143] to the design
of biofilms [117]. Purely discrete CPM began as an extension of the large-Q Potts
Model, itself an extension of the Ising Model of ferromagnetism [65,106,118]. This
explains many of choices of terms and symbols in its mathematical formalism. See
Ref. [47] for a complete review about historical origins and further refinements.
The fundamental idea of the CPM is to represent most cell behaviours by means
of a generalized energy or Hamiltonian, which includes interactions between cells
with other cells and with the ECM. Moreover, some constraints which determine
individual-cell behaviours are taken into account, as for instance, a trend towards
a fixed cell volume. The standard CPM uses a lattice-based Monte-Carlo method
with Metropolis dynamics and generalized Boltzmann weighting function, but
variations of this scheme have also been considered [7,93]. Here we briefly intro-
duce the model and discuss some works dealing with its application to vascular
morphogenesis [92,94–96,129,137]. In these studies, besides the cellular adhesion
and volume conservation assumptions made in the pioneering paper [51], other
cell properties are included.
Let us briefly describe the structure of the CPM under consideration. Each
of the N cells to be tracked is represented by a connected subdomain of a lattice
(normally a quadrangular or hexagonal grid), made up of all the lattice sites with
same index σ ∈ {1, 2, ..., N}. The index σ = 0 is kept for the extracellular medium
(for instance, Matrigel), which is treated as a generalized cell. The interfaces be-
tween two different lattice sites x and x′ with different indexes σx 6= σx′ represent
membrane boundaries between cells or between cells and medium. To each of
these boundaries, a characteristic binding energy is assigned, J(τ(σx), τ(σx′)).
These energies are determined by the type and number of adhesion molecules
involved between two cell types τ(σx) and τ(σx′). In the cases under examination
only one cell type is considered. It is labelled with the index τ(σ) = c for all
σ ∈ {1, 2, ..., N} corresponding to endothelial cells, while τ(0) = m is the index
assigned to the generalized cell labelled by 0, extracellular medium.
If merely adhesion and volume conservation are taken into account, the cor-
responding Hamiltonian is:
H =
∑
{x,x′}n
J(τ(σx), τ(σx′))(1− δσxσx′ ) + λ
∑
σ>0
(aσ − Aτ(σ))2, (1.6)
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where
δij =
{
1 i = j
0 i 6= j , (1.7)
λ denotes resistance to compression, aσ is the area occupied by the cell σ and Aτ
is the target area for cells of type τ , which is selected according to data taken
from experimental cultures. The symbol {x, x′}n in (1.6) denotes that the sum is
taken for the n-order neighbours in each lattice site, see Figure 1.11. The second
sum in (1.6) goes for all the cells except the generalized one representing the
medium.
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Figure 1.11: Lattice neighborhoods. The n-order neighbours of a lattice site
(dark circle) for n = 1, 2, 3, 4 in regular quadrangular (left) and hexagonal (right)
grids.
Chemotaxis, a major player in some of the models presented in Section 1.3.3,
can be accounted for in the CPM. Specifically, the autocrine chemotaxis hypoth-
esis described above can be modelled by coupling the CPM with a continuous
RD equation for the dynamics of the chemoattractant [92]:
∂c
∂t
= D∆c+ θ(1− δσx0)− ǫcδσx0, (1.8)
where θ accounts for the production rate of the chemoattracttant (whose diffusion
coefficient is given by D) by the cells, and ǫ is a decay parameter related with the
half-life of this substance. Equation (1.8) is numerically solved in the same mesh
where the cells are represented. The inclusion of the function δσx0 (see (1.7)),
allows the production of the chemical to be confined just to the sites occupied
by cells, while chemical degradation takes place at sites occupied by the medium.
A generalized Metropolis-Bolzmann algorithm that mimics cytoskeletally-driven
membrane fluctuations is used for the simulation [47, 93]. The steps in that
algorithm are: (i) For a given system configuration S0, a lattice site x is randomly
chosen; (ii) A neighbour site x′ of order n is randomly selected. The effects of
lattice anisotropy inherent in a discrete lattice can be avoided by choosing a
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larger order of neighbours instead of a smaller one [63]; (iii) We call S1 the
configuration where x’s index, σx, has been copied to x
′, we evaluate H in S0 and
S1 and we define ∆H = H(S1)−H(S0); (iv) ∆H ′ = ∆H − µ(c(x′, t)− c(x, t)) is
then evaluated, where µ accounts for the chemotactic response intensity, c(x′, t)
(respectively c(x, t)) is the chemical concentration at x′ (respectively at x) in time
t; (v) The acceptance probability (of changing S1 by S0) is:
P (∆H ′) =
{
1 if ∆H ′ ≤ 0,
exp
(
−∆H′
T
)
if ∆H ′ > 0,
(1.9)
where T is related with the intrinsic motility of cells. When the previous process
has been done as many times as the total number of lattice sites, we say that a
Monte-Carlo Step (MCS) has been performed. One thus has to select a relation
between the time-scale for solving the PDEs involved and the MCS. Thus com-
putational cells decisions, besides of being influenced by adhesion mechanisms
or volume constraint, are also affected by chemical concentrations in such a way
that they prefer to extend their membranes towards areas of high chemoattractant
concentration. Furthermore, when neutral binding energies are used, the previ-
ous model displays velocities of simulated cells proportional to the strength of
the gradient of the chemoattractant [94]. This is in contrast with the continuous
chemotaxis model presented before, where cells accelerate due to chemical gradi-
ents. When the adhesion mechanisms are ruled out in the previous framework,
but chemotaxis and volume conservation are maintained, a pattern of isolated
patches of cells is obtained [95]: see Figure 1.12. Such pattern recalls the ones
that the classic Keller-Segel model displays for chemotactic aggregation [57, 71].
As a matter of fact, the continuous chemotaxis model reduces to Keller-Segel
model if a liner force-velocity response is applied (i.e. F = mv) [5].
Figure 1.12: CPM - chemotaxis. Chemotactic aggregation, without cell ad-
hesion leads to the formation of isolated islands. As stated in ref. [95], in this
simulation rounded cells are assumed but the results hold for unconstrained cells.
Reprinted with permission from Ref. [95].
Then, besides chemotaxis, aditional mechanisms are needed for obtaining
reticulated structures within the CPM framework. Interestingly, adding a number
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of features including cell adhesion [92], steep gradients of chemoattractant [95],
active cellular elongation [94], contact-inhibition of motility [96], is enough to
produce reticular networks. For instance, when the first term in (1.6) is taken
into account and strong adhesion for the cells (very small J(c, c)) is assumed,
reticular networks can be obtained [92]. In this model cells experience passive
elongation as a result of such strong adhesion. However the spatio-temporal
dynamics of the simulation are noticed to be very slow compared with available
experiments [96]; see Figure 1.13.
Figure 1.13: CPM - adhesion. Strong cellular adhesion causes the cells, whose
shape is not constrained, to elongate and organize into reticulated networks.
Reprinted with permission from Ref. [95].
On the other hand, neglecting cellular adhesion and assuming slow diffusion
of the chemoattractant (which results in steepest gradients around cells) elon-
gated cell shapes are obtained. As a result, reticulated structures are formed, see
Figure 1.14. It has been noticed that the last two mechanisms depend on the cells
having an elongated shape. If either mechanism is used but cells are imposed to
have a rounded shape, patches (similar to those in Figure 1.12) instead of net-
works are obtained [95]. Extended, spindle shape of angioblasts and endothelial
cells is observed both in vivo and in vitro. Nevertheless, it is not clear whether
this is a consequence of other mechanisms (as suggested by previous remarks) or
if instead this is an inherent property of cells.
Figure 1.14: CPM - gradients. Steep gradients also cause cells to elongate and
organize into reticulated networks. Reprinted with permission from Ref. [95].
It is known that cells change from rounded to elongated and bipolar shape in
response to growth factors, and by active remodelling of their cytoskeleton [38,98].
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This behaviour can be added to the CPM by means of an extra term in the
Hamiltonian, which penalizes configurations where the cells have different lengths
than that of a target one. Specifically:
HL = H + ν
∑
σ>0
(lσ − Lτ(σ))2,
where ν denotes the intensity of the elongation constraint, lσ is the actual length
of cell σ, and Lτ is the target length, which is selected from experimental observa-
tions. In ref. [94], the authors claim that cell elongation, together with autocrine
secretion of a chemoattractant, suffices to form vascular-like morphologies and
is key to quantitatively reproduce some aspects of later remodelling observed in
vitro experiments; see Figure 1.15. They also pointed out that the persistence
needed in the continuous chemotaxis model takes actually place in the CPM simu-
lations as a consequence of cell elongation and chemotaxis, without any additional
assumption.
Figure 1.15: CPM - elongation. Autonomously elongating virtual cells orga-
nize into a vascular network with coarsening dynamics corresponding to in vitro
observations. Reprinted with permission from Ref. [95].
Adding complication to the vascular patterning picture described so far, a
further mechanism has been proposed in Ref. [96] which allows for network for-
mation starting from dispersed or clustered cells and independently of cell shape.
In this work it is supposed that binding of VE-cadherin, a prototypical endothe-
lial cell adhesion molecule, acts locally to preclude the chemotactic response on
cell-cell interfaces for chemoattractans, while cell surfaces in contact with the
ECM keep the chemotactic activity unchanged. This contact-inhibition of motil-
ity is implemented in the CPM by using different values of the chemotactic re-
sponse parameter, µ, for cell-cell interfaces (µ = χ(c, c)) and cell-ECM interfaces
(µ = χ(c,m)). Some simulations of dispersed cells forming reticulated networks
have been shown [95, 96]; see Figure 1.16. The aforementioned works present a
study of contact-inhibited chemotaxis in sprouting clusters. Despite that some
of the simulations mimic certain features of a knock-out VE-cadherin experiment
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with mouse explants, many questions concerning the underlying molecular mech-
anisms remain unanswered.
Figure 1.16: CPM - contact-inhibition. Conctact-inhibition of motility drives
a cell-shape independent mechanism of vasculogenesis. Reprinted with permission
from Ref. [95].
A few more CPM mechanisms have been recently proposed to study vascular
development. For, instance, [137] focuses on the sprouting of cellular aggregates.
In this and previous works by the authors it is suggested that the sprouting
behaviour observed in several cell lines forming polygonal-like networks, might
be a consequence of the preferential attraction of cells towards nearby elongated
cells [29,112,136]. This feature was first included in a mathematical model repre-
senting cells as interacting point particles [136] by means of a stochastic Langevin
equation. Cell shape is not explicitly taken into account. Thus, a cell infers elon-
gation or local anisotropy from the configuration of the particles around it. On the
other hand, in Ref. [137] an extended CPM is proposed which explicitly includes
cell shapes. A standard Hamiltonian (1.6) accounting for cellular adhesion and
volume conservation is considered. However, the probability acceptance function
(1.9) is modified by a correction term that contains an asymmetric interaction
bias. Specifically:
P (∆H ′) =
{
1 if ∆H ′ ≤ 0,
exp
(
−∆H′
T
)
if ∆H ′ > 0,
(1.10)
where
∆H ′ = ∆H − γ(δτ(σx)c − δτ(σx′ )c)
∑
ε:σε /∈{0,σx,σx′}
θσε . (1.11)
The parameter γ in (1.11) represents the strength of the bias. The expresion
(δτ(σx)c − δτ(σx′ )c) ensures that only cells (and not the medium) are affected, and
that the amount of attraction depends only on the contact target. The symbol θi
represents a messure of anisotropy for the cell i, obtained from the inertia tensor
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Figure 1.17: CPM - biased motion. The CPM model (1.6) (1.10) (1.11),
when starting from dispersed cells reaches a quasi-stationary state where surface
tension-driven coarsening is balanced by the formation of new sprouts. Config-
urations in the model are shown after 100 (a), 1000 (b) and 30000 (c) MCS.
Reprinted with permission from Ref. [137].
of the domain occupied by the cell, and given by:
θi = (µi/νi)
1/2 − 1,
where µi ≥ νi are the two eigenvalues of the inertia tensor. The summation in
(1.11) goes only over those neighbor sites of β that belong to cells other than
σα and σβ . Such bias preferentially guides cells towards their elongated neigh-
bours, which eventually cause sprout and network pattern formation without any
chemotactic assumption; see Figure 1.17. Cellular and molecular basis of such a
possible cell preference in angioblasts remains unknown.
Finally, a very recent work proposes to model in vitro cultures of Tumour En-
dothelial Cells (TECs) in Matrigel by means of a multiscale hybrid approach [129].
This study uses a CPM formalism to represent TECs and a continuous PDE to
describe the extracellular concentration of VEGF, similarly as described before.
Moreover, it accounts for VEGF-induced calcium-dependent intracellular signals
that are described by means of a PDE system for every cell. This allows for a
more close relation of CPM parameters, including those related with cell shape,
migration or chemical release, to the subcellular mechanisms. Specifically, the
authors analyze the link between the subcellular dynamics and the macroscopic
cell behavious by exploring the efficiency of some pharmacological interventions.
The model is said to able to reproduce some features of network formation as
well as the effect caused on this process by some anti-angiogenic therapies cur-
rently in used. As the continuos chemotaxis model, the main driving forces for
cellular aggregation and network patterning in this case are autocrine chemo-
taxis and inertial motion. The former is accounted for in the CPM module as a
new term in the Hamiltonian that penalizes desviations in cell velocity from past
movements. [129].
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1.4 Discussion
In this chapter, some key aspects of vascular development have been presented
with a special emphasis on vasculogenesis, a process that constitutes the intial
step in the formation of the vascular system. Out of the many features to be
considered, this dissertation addresses the problem of the self-organization and
patterning of vascular precursors into primitive blood vessel networks. The focus
here is laid down on the mechanisms underlying patterning of angioblasts instead
of on those related with the recruitment and differentiation of mesodermal cells
to the endothelial lineage. In particular, the role of VEGF in providing local cues
for angioblasts migration is study in detail. Progress in this direction is expected
to have applications in biomedicine and tissue engineering. As a matter of fact,
understanding how spatio-temporal aspects of vessel formation are regulated at
the molecular at cellular level is critical to the ability to reconstitute vessels in
patients or artificial tissues.
In Section 1.3 above, a number of representative mathematical models and
theories proposed to explain some aspects of vascular patterning have been dis-
cussed. Those theories cannot be directly extrapolated to the in vivo situation
under consideration, where different features have to be considered. For instance,
accounting for the effect of VEGF on embryonic angioblasts requieres to consider
VEGF essentially as a paracrine signal, in contrast to the autocrine one assumed
in previous in vitro models. Moreover, the fact that VEGF is uniformly produced
and distributed around angioblasts calls for a new theory to explain early embry-
onic vacular patterning based on VEGF signalling. On the other hand, some of
the presented modelling formalisms are suitable to describe the cells and signals
under consideration. While the dynamic of chemical signals can be adequately
described by means of continuous PDE models, specially those accounting for
diffusion mass transfer and chemical reactions, vascular cells are better described
by means of discrete approaches. The cellular scale is certainly important to
describe the network patterns generated during vasculogenesis. Two character-
istic features of those structures are that they are composed of a small number
of cells and that vascular chords are often formed by highly elongated cells (see
Figure 1.3 B). Both features can be accurately described by means of the CPM
framework. As shown above, this formalism can also be couple in a convenient
way with continuous equations to describe specific interactions between cells and
chemicals. In this way, the resulting hybrid models account for objects and pro-
cess with different spatial and temporal scales.
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2.1 Abstract
In this chapter, a new mathematical model for embryonic vasculogenesis is in-
troduced. It is based on the assumption that binding of paracrine signals to
angioblast-produced ECM regulates early vascular patterning in the embryo by
creating spatially-restricted guidance cues required for directed cell migration and
coalescence (see Figure 2.1). Detailed morphometric analysis of simulated net-
works and images obtained from in vivo quail embryos reveals the model mimics
the vascular patterns with high accuracy. The robustness of the mathematical
model is checked by performing a sensitivity analysis with respect to the param-
eters involved. Finally, the dynamics of network formation as well as the role of
cell shape and cell density in this process are explored. These results show that
paracrine signalling can result in the formation of fine-grained cellular networks
when mediated by angioblasts-produced ECM.
Figure 2.1: Paracrine chemotaxis model for vasculogenesis. Angioblasts
(endothelial progenitor cells) are derived from mesodermal cells and assemble into
polygonal networks under instructive paracrine signalling provided by the endo-
derm. Endodermal cells express pro-vascular growth factors such as VEGF. An-
gioblasts are located in the space between endoderm and mesoderm, surrounded
by extracellular matrix (ECM). Angioblasts produce ECM molecules (such as
heparan sulphates and fibronectin) with VEGF binding domains (depicted in
yellow). This matrix thus acts to store chemotactic growth factors, which pro-
vides spatial cues for cell migration.
2.2 Introduction: autocrine vs paracrine signalling
Various recent studies summarized in Chapter 1 hypothesize that autocrine reg-
ulation of the chemoattractant vascular endothelial growth factor (VEGF) is re-
sponsible for the formation of vascular networks in vitro [14, 26–28, 40]. These
studies assume that mature endothelial cells seeded in gels produce a chemoat-
tractant, typically identified as VEGF, that provides themselves the spatial cues
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driving their migration. This autocrine model may provide insight on certain
in vitro settings, but does not fit well with reported data on early embryonic
vascular formation in vivo.
Chemotactic mechanisms are indeed compatible with biological data on the
migration of angioblasts and their coalescence to form early blood vessels in
the embryo, as well as with some theoretical principles on the role of molecu-
lar signalling gradients [50]. However, the autocrine regulation mechanism, in
which endothelial cells stimulate themselves by both producing and responding
to growth factors, does not seem to be fully supported by the biological evidence
so far reported in the literature. As a matter of fact, angioblasts are known to
express receptors for chemoattractants (VEGFR-2 and CXCR-4, [47, 52]), but
there is no evidence that, in the embryo, they produce biologically significant
amounts of their ligands as well (VEGF and SDF-1, respectively) [10, 34, 37].
Instead, it is known that most relevant pro-vascular signals, including VEGF,
are expressed by the adjacent endoderm [32,37]. A further problem concerns an
assumption related to the diffusivity of the signalling molecule. Some autocrine
models require a slowly diffusing, quickly inactivating chemoattractant in order
to produce stable cellular networks [28]. The assumed rate of diffusion in these
mathematical models is typically orders of magnitude lower than that reported
for most common VEGF isoforms [28, 30]. Thus, both the source of VEGF and
its biophysical properties assumed in models of autocrine regulation are not in
aggrement with the reported data on early vascular development.
In view of these problems, an alternative mechanism for vascular patterning
in the embryo is proposed in this study. Specifically, VEGF is assumed to be
a paracrine signalling agent, in accordance with its reported endodermal origin
in vivo [32, 37]. Yet, paracrine signalling seems at odds with tight regulation
of fine-grained network patterns. In the absence of additional regulatory mech-
anisms, diffusive signals from nearby tissues lack the ability to create precise
spatially restricted cues. Interestingly, however, angioblasts are known to pro-
duce extracellular matrix (ECM) molecules that are able to bind pro-vascular
growth factors, including VEGF [23, 36, 43, 49]. These ECM molecules can im-
mobilize diffusive signalling molecules and thereby provide fine-grained spatial
motility cues. For this reason, we assume angioblasts produce ECM molecules
with VEGF binding domains. Next, a concise overview of the key biological evi-
dence on the interaction of VEGF and the ECM that supports these assumptions
is provided.
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2.2.1 VEGF and the ECM
Angioblasts express some endothelium-specific markers like VEGFR-2/FLK-1/KDR;
SCL/TAL-1; PECAM/CD31, VE-cadherin or Tie2/Tek [7,48,52]. Some of these
molecules are receptors for growth factors essential to vascular morphogenesis,
VEGF-A being the most relevant example of a pro-vascular secreted factor con-
sidered in the literature. VEGF-A is a glycoprotein with several isoforms arising
from the alternative splicing of a unique gene. Splice variants differ in their abil-
ity to bind the ECM. Smaller forms are able to diffuse through the ECM, while
larger forms bind to heparan sulphate and other characteristic ECM domains
with high affinity, thus modulating the distribution of the growth factor in the
tissues [11, 19, 33, 43].
VEGF signalling is believed to be at the core of the vascular patterning pro-
cess as suggested by multiple studies [8, 34, 46]. VEGF expression has been de-
tected in the whole endoderm and some other mesodermal cells, but has not been
unambiguously reported in angioblasts [12, 32]. As a matter of fact, angioblasts
express a variety of VEGF receptors, of which VEGFR-2 is the most relevant
one for vascular development [31]. Although different routes can be identified
in the transduction of the signal by angioblasts, that one including p38MAPK-
MAPKAPK2/3-HSP27 is key in mediating patterning, as it regulates angioblast
protrusive activity towards the signal, thereby modulating cell shape and motil-
ity [51]. It has been argued that heparin-binding VEGF isoforms provide spatially
restricted cues that polarize and thereby guide sprouting endothelial cells [39].
This suggests a more active role of the ECM in vascular development than previ-
ously thought. Indeed several recent reports indicate that the ECM is pivotal to
a variety of morphogenetic events including blood vessel formation [54, 55]. The
specific mechanisms through which the ECM influences angioblast and endothe-
lial cell functions are complex and involve both external structural support and
regulation of multiple signalling pathways. Such mechanisms include modulation
of growth, differentiation, migration, determination of cell shape and survival, as
well as providing storage of growth factors [6, 15, 43].
From the above, it is clear that the ECM can provide crucial cues for early
vascular developmental events, but its involvement in such processes tends to be
overlooked. This is surprising since it is known that vascular abnormal patterning
is characteristic of many animal models where expression/function of a variety of
ECM molecules is deficient [1]. A highly relevant finding obtained in knock-out
screens is that fibronectin, an ECM glycoprotein essential to the migration of
multiple cell types, was found to be the most relevant molecule in early vascular
development, closely followed by elements of the VEGF and retinoid signalling
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pathways and some cell-matrix adhesion molecules [1]. Interestingly, VEGF can
bind fibronectin and other ECM molecules and this may affect its downstream
effect on cells [2,5,49]. All these findings have motivated this study to investigate
mechanisms in which the ECM, and matrix-binding VEGF isoforms can lead to
coalescence of angioblasts into a polygonal vascular network.
2.3 Mathematical model
Before turning to the mathematical formulation of the model, the key assump-
tions together with the published biological data on which these are based are
summarized:
(1) A significant number of early embryonic blood vessels develop from iso-
lated angioblasts distributed in the thin, planar surface of the lateral splanchnic
mesoderm [37]. Therefore, the system is studied in a two dimensional domain
where planar cells are initially distributed. Previous developmental events related
to the origin of angioblasts are neglected.
(2) VEGF is known to be produced homogeneoulsy by the endoderm [32], and
binds to various ECMmolecules such as fibronectin and heparan sulphates [43,49].
VEGF production by the endoderm is represented in the model by a constant
source of VEGF all over the domain. VEGF molecules are then modelled as
diffusible particles that become non-diffusive when bound to ECM molecules
following the mass action law.
(3) Early vascular cells are known to migrate in an ECM rich in fibronectin
and heparan sulphates, that can be deposited by endothelial cell precursors them-
selves [23, 36, 43]. Likewise, in the model, angioblasts are assumed to produce
directly or indirectly non-diffusive ECM components able to bind VEGF.
(4) ECM-bound VEGF provides stronger signalling cues for cell motility or
shape remodeling than the freely diffusive forms [5, 39]. Consequently, in the
model motility is strongly biased towards upward gradients of anchored growth
factors rather than to gradients of the freely diffusive forms.
(5) Binding of VEGF to heparan sulphates in ECM molecules offers protec-
tion to growth factors against enzymatic degradation [19, 42]. Therefore, degra-
dation or removal of bound growth factors is neglected in the model.
(6) Although it is commonly accepted that endothelial cells have a low prolif-
eration rate in the adult and a high one in the embryo, the reported proliferation
rates for angioblasts in vivo are not high [4, 22, 29]. Moreover, administration
of exogenous VEGF in the embryo results in dysmorphogenesis by hyperfusion,
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rather than increased cell numbers [9]. Here it is assumed that proliferation is
not a major limiting factor during the first steps of early vascular formation.
Accordingly, the number of cells is considered constant.
Once particular hypotheses have been established, a mathematical formalism
which unambiguously describes them has to be chosen. In this study, a hybrid cell-
based/continuous framework from previous works [26] is adopted and modified.
This model formalism represents the multi-scale nature of the problem under
consideration in a simple way. Moreover, it explicitly accounts for cell shape,
which is key for reproducing the observed network patterns at a cellular scale. The
model consists of two interconnected modules. On the first one, angioblasts are
represented as discrete and geometrically extended objects using a cellular Potts
model (CPM) [16]. On the other one, growth factors and ECM molecules are
modeled as continuous fields whose distribution is governed by partial differential
equations (PDEs).
Let us consider this second module first. Bearing in mind the diffusivity and
binding reactions of growth factors and ECM molecules, the following system of
differential equations is proposed:
∂u
∂t
= D△u+ γ1 − f(u, v)− ǫu
∂v
∂t
= γ2δσx,0 − f(u, v)
∂w
∂t
= f(u, v) (2.1)
where u, v and w denote the concentrations of soluble VEGF, ECM molecules
with free heparan binding domains and bound VEGF, respectively. Parameter D
is the diffusion coefficient of VEGF, γ1 is the constant rate of VEGF production
and ǫ is related to the half-life of VEGF. Parameter γ2 is the production rate
of ECM molecules by cells (δσx,0 = 1 inside cells and δσx,0 = 0 outside cells).
VEGF-heparan sulfate interaction is assumed to take place according to mass
action with second order kinetics, so that f(u, v) = αuv with effective kinetic
rate α. Note that this simple reaction-diffusion model does not include terms
for saturated production, enzymatic kinetics or cooperative binding. The focus,
thus, is on the feedback mechanisms between the molecular and cellular levels,
coupled through ECM-mediated chemotaxis. In this way, the assumptions on
the underlying biochemical kinetics, about which little is known, is reduce to a
minimum.
Cells are modeled using a CPM in which each of the N cells to be tracked is
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represented by a connected subdomain of a 2D square lattice. The same index
σ = {1, 2, ..., N} labels all the lattice sites of a particular cell while the special
index σ = 0 labels the medium, i.e. all lattice sites not occupied by cells. In this
formalism a cell has finite volume and deformable shape. The interfaces between
two different lattice sites x and x′ with different indexes σx 6= σx′ represent mem-
brane boundaries between cells or between cells and the ECM. To each of these
boundaries, a characteristic binding energy is assigned: Jcc, when the interface is
between two different cells and Jcm, when it lies between a cell and the surround-
ing ECM. An energy penalty increasing with the cell’s deviation from a selected
target area A imposes an area constraint on the cells.
The corresponding Hamiltonian is defined as follows:
H =
∑
{x,x′}n
Jτ(σx)τ(σx′ )(1− δσx,σx′ ) + λ
∑
σ>0
(aσ −A)2 (2.2)
where τ(σ) represents the type of object occupying a grid space σ, which in
this case can only be angioblast (c) or medium (m). The term (1 − δσx,σx′ )
ensures binding energies are only considered between different cells. The term
(aσ − A) represents a cell’s deviation from its target area and λ represents the
cell’s resistance to such deformations. The first summation is taken for the nth-
order neighbors in each lattice site. The second summation goes for all cells with
the exception of the medium.
Cell dynamics are generated in the CPM by a modified Metropolis algorithm.
The latter randomly chooses a lattice site, x′, and computes what the difference
in energy, ∆H , would be if a randomly selected neighboring site, x, would copy
its state into this site. The probability of accepting the change, P , depends on
the difference in the energy costs:
P (∆H) =

1 if ∆H ≤ 0e−∆HT otherwise, (2.3)
so that cell extensions that diminish H are given priority. In this way, the cell
shape is updated locally. Parameter T, henceforth referred to as fluctuation
energy, is a biological analogue to the energy of thermal fluctuations in statistical
physics [3] and it is considered here as a measure of cell motility. Chemotaxis
is modelled as a bias in the direction of higher VEGF concentrations. More
precisely, P is considered to depend on:
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∆Hchemotaxis = ∆H − µb(w(x′)− w(x))
−µs(u(x′)− u(x)),
where a distinction is made between bound and soluble VEGF. The strength of
signalling provided by the bound and soluble forms can be varied by setting the
parameter µb and µs while preserving their total value µt = µs + µb. Stronger
chemotaxis towards bound VEGF is accounted for by setting µb > µs. Finally,
the unit of time in the simulation is defined as one Monte Carlo step (MCS) that
corresponds to a number of random update attempts equal to the total number
of lattice sites.
2.4 Methods
2.4.1 Experimental images
Blood vessels of quail embryos are labelled with the QH1 antibody (endothelial
membrane), using DAPI for nuclear counterstain, at 36-40 hours after incubation.
Confocal microscopy allows to visualize the developing vasculature and all nuclei
in the tissue. Images are then taken of wide areas of the embryo where angioblasts
have just assembled into networks (see Figure 2.2 ). QH1 labeling of the cellular
structures is achieved by segmentation of the appropriate fluorescence channel.
This results in a binary image where vascular zones are labelled with one and
avascular zones or lacunae are labelled with zero. Segmentation of DAPI fluores-
cent stain, marking all nuclei in the confocal plane, is used to estimate angioblast
cell density by co-localization of identified nuclei with the QH1 membrane label
using the segmented binary image.
The simulation software produces binary images in which cells and lacunae
are labelled as described before so that both series can be examined and compared
by means of the same morphometric techniques.
2.4.2 Morphometric methods
Experimental and simulated networks represented in binary images are character-
ized by quantifying the lacunae (number, size and roundness of avascular zones),
the vascular structures (number of connected components, coverage and widths),
network properties (number of nodes, degree distribution, percolation and span-
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Figure 2.2: In vivo vascular network in the quail embryo. Laser confo-
cal microscope reconstruction of the extra-embryonic (A) and intra-embryonic
(B) vasculature of early quail embryos (3640 hours of incubation). Embryonic
blood vessels are identified by the QH1 antibody (red). Cell nuclei have been
counterstained with DAPI (blue). The inserts depict extra-embryonic (1) and
intra-embryonic (2) vascular networks in more detail; the former are used in
analysis and validation of the mathematical model.
ning length) and fractal properties (fractal dimension and lacunarity). Image
processing and statistical analysis have been performed in Matlab 2009b using
morphological functions supplied by the Image Processing Toolbox (version 6.4)
supplemented by custom-made routines. Together, the set of morphometric fea-
tures provides us with detailed quantification of vascular patterns obtained in
vivo and in silico.
The number of connected vascular zones and lacunae are two key network
characteristics and correspond to the 0th and 1st Betti number used in algebraic
topology (see [38] and references therein). These are identified by tracing the
exterior boundaries of objects in the binary image. The sizes of lacunae and
vascular structures equal the number of pixels they occupy, while the roundness
of lacunae is measured using the isoperimetric quotient, defined as the ratio of
the measured area to that of a circle having the same perimeter, R = 4πAl/P
2
l ,
where Al and Pl are the lacuna area and perimeter, respectively. The coverage of
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angioblasts is recorded as the ratio of the number of nonzero pixels to the size of
the binary image. The network is said to be percolative when a vascular structure
exists that spans the image both horizontally and vertically.
Assessing some of the morphometric features requires computation of a skele-
tonization of the network, using a morphological operation known as thinning.
Thinning reduces the network structures to a skeletal remnant that largely pre-
serves the extent and connectivity of the original one while pruning away redun-
dant foreground pixels. The spanning length of the network is then measured as
the sum of nonzero elements. The widths of cellular cords are assessed by measur-
ing the Euclidean distance from each nonzero pixel on the thinned structure to its
closest lacuna. Nodes in the thinned structure are usually identified as nonzero
points with 3 or more nonzero pixels among the 8 adjacent sites, indicating a point
at which the structure branches. Although this method is often used [18, 25], it
actually overestimates the number of nodes when no further processing is ap-
plied. To improve the measurement, proximate nodes are merged whenever the
distance between them is smaller than the distance from the node to the nearest
lacuna. This procedure reduces the number of nodes on the thick vascular seg-
ments while preserving them on thin cords. Moreover, using this method we gain
information on the degree distribution, i.e. on the distribution of connections or
edges a node has to other nodes. Finally, fractal analysis is performed to quan-
tify the complexity and space filling properties of network patterns. Informally,
the fractal dimension Df measures how a fractal-like structure fills the space for
decreasing scales, while the lacunarity Lf assesses its ’gappiness’, i.e. the distri-
bution and size of the empty domains [24]. These properties have been previously
applied to characterize vascular growth in e.g. chick chorioallantoic membrane
(CAM) angiogenesis [17, 21]. The fractal properties of the the thinned network
structure were estimated by applying the box counting methods and gliding box
method [41, 44], using the FracLac plugin for ImageJ [20, 35].
2.4.3 Simulation set-up
When selecting simulation scenarios, several choices are determined by the ex-
perimental setup. For instance, the size of the lattice where CPM and PDE are
simulated is adjusted to resemble 775x775 mm2 experimental images. Specifically,
a square lattice of 400x400 pixels is considered, where each lattice node repre-
sents 2 mm2, thus giving a total simulated tissue of 800x800 mm2 or 0.64 mm2.
Cell densities are estimated from experimental images by co-localization of nuclei
with the vascular structure, resulting in an average density of ≈1750 cell mm2,
which is used as a reference in the simulations (1100 cells over 800x800 mm2).
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Parameter Symbol Value Source
PDE
Diffusion coefficient VEGFs D 10 µm
2s−1 [30]
Production rate VEGFs γ1 10
−3 a.u.s−1 estimated
Production rate ECM γ2 10
−3 a.u.s−1 estimated
Binding rate VEGFs+ECM α 10
−1 a.u.−1s−1 estimated
Degradation rate VEGFs ǫ 10
−2 s−1 estimated
CPM
Fluctuation energy T 50 [25–27]
Target area A 95 pixels empirical
Cell rigidity λ 25 [26, 28]
Cell-cell binding energy Jcc 20 [26]
Cell-medium binding energy Jcm 10 [26]
Chemotaxis strength µt = µs + µb 2000 [26, 27]
Signalling strength VEGFb µb/µt 0.75 [5, 39]
Signalling strength VEGFs µs/µt 0.25 [5, 39]
Table 2.1: Parameters of the simulation model.
As initial condition, cells are distributed over the lattice in either a regular or a
semi-random mesh. The latter is constructed by randomly displacing cells from
the regular mesh, where displacements are smaller than one cell diameter.
Parameter choices in the CPMmodule have been made as in previous works [25,
26, 28], see Table 2.1. In particular, we neglect surface tension between cells and
the ECM for sake of simplicity, by setting γcm = Jcm − Jcc/2 = 0.
The criteria for selecting PDE module parameters are different. A value for
the diffusion coefficient of VEGF has been taken similar to those reported in the
literature [30], although we shall see later that our results are largely insensitive
with respect to this coefficient. The rest of the parameters has been chosen on the
basis of estimated time scales of processes. For instance, binding is fast relative
to VEGF and ECM production, and the corresponding parameters are selected
so as to fit experimental data (see Table 2.1). Then, a sensitivity analysis on
these parameters is performed to give us an idea of the expected variability in
terms of some of the quantified morphometric properties.
Each MCS in simulation corresponds to one second. For this choice, the total
simulated time is about one hour, agreeing well with the estimated time scale in
which the process takes place in vivo (from minutes to a few hours).
Simulations have been implemented using a C++ based modeling environ-
ment called Morpheus. Multiple simulation repetitions are performed (n = 10,
unless stated otherwise) with different random seeds, of which the mean and
standard deviation are shown.
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2.5 Results
2.5.1 Model simulations yield vascular-like reticular pat-
terns
Vascular networks obtained from quail embryos in vivo are compared to those
resulting from model simulations, along a series of morphometric properties, sum-
marized in Figure 2.3. Examples of binary images used in this comparison are
shown with their thinned skeleton (red pixels) and detected nodes (blue circles)
in panel A. We found that the morphometrics of simulated networks correspond
well to experimental observations, as shown in the statistical comparison in Figure
2.3 B. Despite small deviations, the number of nodes and edges, network length
and interface length, as well as fractal properties and coverage measured in the
simulated networks are remarkably similar to the corresponding values obtained
from experimental images. Lacunarity, a measure for lack of translation and ro-
tational invariance, is observed to be slightly higher in the in vivo situation. This
may be due to the spatial heterogeneity in tissue density along the mediolateral
axis, which is not reflected in the model. Although the number of cells used in
simulation has been estimated from experimental images, the observed coverage
(the relative size of the area covered by angioblasts) is also seen to be slightly
higher in vivo. The differences in network and interface length are related to the
previous feature, since denser vascular structures have more and longer edges at
the cost of cell-lacuna interface length.
In order to further characterize the vascular network, distributions of several
measured morphometric properties are quantified, shown in Figure 2.3 C. As a
result of the procedure to merge proximate nodes, the number of connections per
node is recovered, known as the node degree (indicated as size of blue circles in
Figure 2.3 A). Although the range of observed node degrees is rather small, an
exponential decay can be recognized in their distribution, with high frequency of
small degree and rare high-degree nodes. Using both the skeletonized structure
and the underlying binary image, the distribution of cord widths is assesed by
measuring the shortest distance of each pixel on the skeletonized image to an
avascular region. The distribution thus obtained reveals a right-skewed distribu-
tion of cellular cord widths with thin cords forming the highest frequency, while
thick cords are relatively rare. Simulated networks display less right-skewness,
which may again be related to the mediolateral heterogeneity in the experimental
images. Nevertheless, the modes of both distributions coincide and both show
a distinct pattern of high and low frequencies around the mode. These peaks
are caused by the discreteness of the number of cells involved in a cord, a fact
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Figure 2.3: Morphometric comparison. Comparison between experimental
(in blue) and simulated (in red) vascular networks (after 3000 MCS). (A) Binary
images over cellular structures (green) overlayed with skeletonized network (red),
detected branching points (blue points) and corrected nodes (blue circles). (B)
Morphometric statistics. Boxes show average values (n = 2 for experiments; n
= 10 for simulation) and error bars indicate standard deviation. (C) Distribu-
tions of morphometric properties. Lines show average values; filled areas indicate
standard deviations.
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that is captured by the discrete cell-based submodel. Interestingly, the mode of
the distribution (10µm) is well below the diameter expected for isotropic cells
which indicates a strong contribution of elongated cells (discussed in more detail
below). Finally, the size and shape distribution of lacunae are compared. In both
experiment and simulation, a wide lognormal distribution can be discerned in la-
cuna size distribution, spanning almost two orders of magnitude around the most
frequent size at approx. 1000µm2. The distribution of roundness of lacunae is
left-skewed with most holes being nearly circular. Note that these two quantities
are related to each other by the fact that larger holes tend to have a less circular
shape. Lacunae size and roundness are thus negatively correlated, although this
effect is more clearly seen in simulations (Pearson correlation r = −0.81) than in
the segmented experimental image (r = −0.27).
In summary, detailed morphometric analysis shows that a model based on
chemotaxis towards growth factors bound to ECM secreted by angioblasts is able
to produce reticular patterns as those observed in vascular networks in quail em-
bryos. The main reasons to describe and compare the vascular networks using a
broad spectrum of morphometric properties are as follows. First, detailed quan-
titative morphological characterization of early vascular networks is needed to
characterize normal vascular development. It can also prove helpful to detect
defects in experiments in which specific processes are perturbed. On the other
hand, a fact relevant for this study is that, in order to ascertain geometrical and
functional similarities, multiple shape descriptors are required to compare vas-
cular shapes. In principle, this represents a difficulty since an accurate fit with
respect to one shape parameter (e.g. number of nodes) needs not be compatible
with a similar fit with respect to another such parameter (e.g. distribution of
cord widths). A remarkable fact that results from the simulations below is that
a good fitting can be obtained simultaneously with respect to a large number of
morphometric parameters.
2.5.2 Sensitivity analysis
In order to check the robustness of the model, the sensitivity of the simulation
results with respect to their parameters was investigated. First, a sensitivity
analysis was performed on the coefficients specifying the rates of production (γ1
and γ2), binding (α) and degradation (ǫ) of VEGF and ECM, respectively. Sim-
ulations were performed in which these parameters are varied independently over
two orders of magnitude from their reference values (see Table 2.1). The change
in morphometric properties with respect to the reference simulation described
above was measured, shown in Figure 2.4 A. As shown there, a 10-fold decrease
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and increase of the VEGF-ECM binding rate α and VEGF decay rate has only
moderate or negligible effects on the network morphology. However, variation
of the VEGF and ECM production rates (γ1 and γ2) does have large impact on
the structure of the network. Upon decrease of these production rates a marked
decline in the number of lacunae is observed, indicative of vascular dysmorpho-
genesis. This is readily understood under the model assumptions, since effective
removal of either VEGF or ECM disrupts binding of growth factor to the matrix,
which normally provides the spatial cues for cellular patterning. The analysis fur-
ther shows that a 10-fold increase in VEGF production (γ1) has little impact on
network formation. Interestingly, however, a similar increase in matrix production
(γ2) does disturb proper morphogenesis. This happens because overproduction of
ECM allows fast accumulation of the bound VEGF. Due to chemotaxis towards
bound VEGF, this causes premature immobilization of cells and hampers the
coalescence of cells and their assembly into a polygonal pattern.
The sensitivity of the results with respect to VEGF diffusivity was further
explored. Previous model of vasculogenesis were dependent on unrealistically
slow diffusion of VEGF, for instance in [25]. To understand the role of VEGF
diffusion in the present model model, simulations with different scenarios con-
cerning VEGF diffusion were perforemed: no diffusion (D = 0), normal diffusion
(D = 10µm2/s) and a well-mixed system (D = ∞). The latter is modeled by
redistributing the total amount of VEGF homogeneously over the lattice after ev-
ery reaction step. Remarkably, the results in Figure 2.4 B show that the model is
extremely robust against variation in that parameter. This virtual independence
on VEGF diffusivity can be explained by reference to the assumed homogeneous
production of growth factor over the modeled area. Therefore, even in the ab-
sence of diffusion, binding of VEGF to ECM will occur throughout the tissue
and guide motility. On the other hand, under high diffusivity, VEGF is not only
produced but also redistributed in instantaneously homogeneous manner, leaving
matrix binding and motility relatively unaffected.
Additionally, the dependency of the resulting network pattern on chemo-
taxis was investigated. Based on experimental evidence [5, 39], it is assumed in
the present study that ECM-bound VEGF provides stronger signalling cues than
soluble VEGF. Accordingly, cells in the model have a stronger chemotactic re-
sponse to bound VEGF (µb) than to soluble VEGF (µs) in a 3 : 1 ratio. To
ensure that network pattern formation is not dependent on a particular choice of
these parameters, the relative strengths of chemotaxis towards bound and soluble
VEGF were explored. Effectively, this alters the relative strength of the signalling
cues on cells. Figure 2.5 shows that network formation is perturbed when sol-
uble VEGF is the major signalling agent (µs > µb), which is due to a lack of
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Figure 2.4: Sensitivity analysis of PDE parameters. Sensitivity to rates
of binding (α), VEGF and ECM production (γ1) and (γ2), and degradation of
soluble VEGF (ǫ). Changes in various morphometric properties were measured
for simulations (n = 3) in which each parameter was independently varied by
a 10-fold decrease (blue) and a 10-fold increase (red). (B) Sensitivity to VEGF
diffusivity. Morphometric quantities are shown for simulations (n = 3) with
non-diffusive VEGF (D = 0), with normal VEGF diffusion (D = 10), and with
well-mixed VEGF (D =∞).
spatially restricted cues. On the other hand, when cells react more strongly to
ECM-bound VEGF (µb ≧ µs), network formation is relatively stable in a broad
domain. The reference values of these parameters (arrowhead in Figure 2.5; table
2.1) are within this region.
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Figure 2.5: Sensitivity analysis chemotactic signal strength. Sensitivity
of morphometric parameters to relative strength of bound (µb) and soluble (µs)
VEGF. Red points (lacunae) and blue points (nodes) show averages of measured
quantities in simulations (n = 3), filled regions represent standard deviations.
Insets show portions of networks (200x200 µm2) where the relative signalling
strength (µb/µt) is set to soluble-VEGF-only (µb = 0, left), bound-VEGF-only
(µb = µt, right) and equal strengths (µb = µs, center). Arrowhead indicates the
reference value.
2.5.3 Model dynamics display fast coalescence and slow
remodelling
Experimental images are obtained by fluorescent staining which requires fixation
of the embryo. Therefore, no temporally resolved data are available that would
enable to track the development of a vascular bed in vivo. Based on simulation
results, however, it is possible to look into the dynamics of vasculogenetic de-
velopment. Although proliferation is known to occur during the assembly of the
vascular bed, this is omitted from the model for simplicity. Instead, a constant
population size of 800 cells (1250 cells/mm2) is assumed, a figure that lies be-
tween a rough estimate of newly differentiated angioblasts and the cell density
measured in our experimental images. The influence of cell density on the net-
work morphology is explored below. Also, modelling cell proliferation is briefly
discussed in the future perspectives section 4.2 below.
Although the initial population of cells is distributed in a regular mesh, a
network pattern forms rapidly during simulation, as shown in Figure 2.6. The
top panel (Figure 2.6 A) displays a typical simulation showing the shapes and
positions of simulated angioblasts, and the relative concentrations of matrix-
bound VEGF. The evolution of the number of connected cellular structures and
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that of the number of holes in Figure 2.6 B shows that these quantities move
towards a steady state, indicating the dynamic stability of the reticular structure.
This stabilization property is in contrast with some models based on autocrine
chemotaxis hypothesis [45].
Figure 2.6: Dynamics of vascular network formation. (A) Detail of sim-
ulated tissue at various time points, showing the cells (top) and relative con-
centrations of bound VEGF with isolines (bottom). (B) Dynamics of number
of isolated cellular structures (blue) and number of lacunae (red), filled regions
indicates standard deviation (n = 10). (C) Inset depicts remodeling in a small re-
gion. This occupancy map is constructed by averaging over binary images in the
interval between 1000 and 2000 MCS; lines show cell boundaries at 2000 MCS.
Grey/white pixels are cells/lacuna which remained unchanged over this period;
colored pixels indicates how long a pixel has been occupied by cells. It shows the
creation of new connections (arrows) increasing the number of lacunae.
Further, the dynamics considered in Figure 2.6 B operate on separate timescales.
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On the one hand, cells rapidly coalesce from a mostly isolated configuration to
form a percolative and closed network consisting of a single connected component
(between 0 and 1000 MCS). On the other hand, the number of lacunae changes
over a longer time scale, and keeps increasing after all cells have assembled into
a single network (between 1000 and 3000 MCS). In other words, subsequently
to the assembly of a closed network, cells continue to rearrange and remodel the
network and thereby increase the number of lacunae. Substantial remodeling is
performed by cells creating new connections across lacunae, resulting in cords
with a single cell width (indicated by arrows). Figure 2.6 C depicts a close-up
of remodeling occurring in the period (1000-2000 MCS) after a percolative net-
work has formed. In addition to increasing the number of lacunae in this way,
the resulting holes are smaller and have a more regular and round shape. This
remodeling is driven by cell motility over tracks of previously secreted ECM that
are subsequently primed by VEGF binding.
2.5.4 Cell elongation results from chemotaxis towards matrix-
bound VEGF
Using the same data, the shape of cells during simulation is tracked and their
lengths are quantified by computing the inertia tensor of an elliptic shape approx-
imation [25,53]. Taking the length of isotropic cells as a reference, the distribution
of cell shapes before and after tissue remodeling was compared, as shown in figure
2.7. Before remodelling, cell lengths are skewed towards isotropic length, indi-
cating roundish cells. Afterwards, the position of the mode of the distribution
(i.e. the most frequent cell length) has remained unchanged. However, the tail
of the distribution has grown, showing that the contribution of elongated cells
has markedly increased. Some cells extend up to almost three times the default
isotropic length. Importantly, this is not caused by constraining cell shape in our
model (as in was done in [25]). Instead, the observed cell elongation follows as
a natural consequence of chemotaxis towards matrix-bound VEGF. Thus, in the
present model elongation is an effect rather than a cause for the formation of a
reticular pattern in the vascular bed.
2.5.5 Morphological dependence on cell density
To explore the influence of cell density on the morphology of the vascular network,
a set of simulations was performed in which the number of cells is varied, while
keeping the simulated tissue size constant, and the morphometric properties were
analyzed. The results, shown in figure 2.8, point out the presence of various
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Figure 2.7: Cell elongation. Distribution of cell lengths at different time points
during the simulation. Red line and inset depict early, blue depicts late in
development. Lengths are normalized to isotropic cells given the target area
(
√
s4Aσ/π....), where s = 4... is the scaling factor per pixel). Cells become in-
creasingly anisotropic and elongated during vascular patterning. Filled regions
represent standard deviation.
thresholds or maxima at increasing cell densities.
The first threshold appears at a density of ≈900 cells/mm2, where the net-
work exhibits percolation. This percolative threshold is the critical density above
which a network first exhibits long-range connectivity. Related to this, the point
at which the vascular structure forms a single connected component (so that all
cells lie within a single network structure) is found at only slightly higher densi-
ties. Both aspects are important for blood transport through the tissue and are
established at low cell densities.
At medium cell densities (≈1500 cells/mm2), a maximum in the number of
nodes and the length of cell-lacunae interfaces exists. A high number of nodes
indicates a complex branched network structure. Unsurprisingly, such networks
show a maximum in the interface length between vascular and avascular regions.
Biologically, it is this surface area between endothelium and surrounding tissue
which is crucial to the supply of oxygen and nutrients to that tissue.
When density is further increased (≈2000 cells/mm2), interface length de-
creases as the size of the avascular region decreases. Instead, the number of
lacunae and total network length are maximized. This cell density corresponds
to that estimated in in vivo vascular networks in quail embryos at 36-40 hours
after incubation.
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Figure 2.8: Morphometric dependence on cell density. A number of mor-
phometric properties of simulated networks are presented as a function of both cell
density (number of cells per area) and coverage (the ratio of angioblasts-covered
pixels to the total number of pixels). Averaged over 10 simulation runs, filled re-
gions around curves represent standard deviation. Three optima are shown from
top to bottom, at increasing cell densities. Parameters as in table 1.
2.6 Discussion
In this chapter, a new mathematical model to describe vascular patterning during
early stages of embryonic vasculogenesis has been presented. The prevalent view
that the formation of vascular network patterns is regulated by autocrine chemo-
taxis has been formulated largely based on in vitro studies. Instead, the present
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model was developed making use of the current biological knowledge on early
vasculogenesis in the embryo. In accordance to hypotheses made by other au-
thors [10, 37], the role of paracrine signalling in embryonic vascular development
has been explored. In particular the role of the extracellular matrix (ECM) in pro-
viding spatial cues for angioblasts by storing and/or activating chemoattractive
growth factors have been mathematically simulated. Actually, the significance
of the ECM during vasculogenesis has long been known [36] and continues to be
an active research field both in vasculogenesis and angiogenesis [5, 39, 43, 49, 55],
although its capacity for pattern formation by providing signalling cues has not
received much attention (see however [5, 39]).
The presented model combines a 2D discrete cellular Potts model (eq. 3.21
and 3.22) with a continuous reaction-diffusion model (eq. 3.20) under the assump-
tions that angioblasts are chemotactically attracted towards paracrine VEGF that
binds to angioblast-produced ECM. As demonstrated by morphometric analysis,
this model is able to produce polygonal cellular patterns that accurately resemble
the in vivo early vascular bed in quail embryos, recorded by confocal microscopy.
The simulated networks show high degree of similarity with respect to a broad
spectrum of morphological descriptors, including lacunae number/sizes/shapes,
network and interface lengths, cord widths, degree distribution and fractal prop-
erties.
At the same time, the model circumvents certain drawbacks of autocrine
mathematical models in the context of early embryonic vascular patterning. In-
deed, a key problem of the autocrine regulation hypothesis is that no exper-
imental evidence exists that angioblasts produce significant amounts of VEGF,
while it is known that the adjacent endodermal tissue produces many pro-vascular
growth factors, including VEGF [32, 37]. Thus, for the autocrine model to ac-
count for early embryonic vasculogenesis, it remains to be explained how embry-
onic angioblasts could respond more efficiently to low mesodermal VEGF levels
rather than to the high amounts of the same growth factor produced by the
adjacent endoderm. The mathematical model proposed here does not consider
VEGF production by angioblasts, and assumes instead an external source of
VEGF. Angioblast-secreted or modified ECM molecules bind and immobilize the
paracrine signalling agent in close proximity of cells. Thus, fine-grained spatial
cues for chemotactic cell migration can be generated without postulating unre-
alistically low VEGF diffusion rates [25, 28]. Furthermore, the stability of the
network structures increases over time, instead of collapsing after a transient
time, as in previous models [14, 28, 45]. Another interesting observation is that
cell elongation, a fact which is experimentally observed, needs not be postulated
a priori as in [25]. Instead, cells elongate in our model as a natural consequence
72
A. Ko¨hn Luque 2.6. DISCUSSION
of chemotaxis towards matrix-bound VEGF.
Simulations of the paracrine model yields several results that are coherent
with most of the biological data on embryonic vasculogenesis published up to
date. In general, downregulation of VEGF or the ECM molecules where VEGF
can bind, as fibronectin or heparan sulphates, is known to severely impair early
vascular patterning [11,13,43]. In particular, administration of exogenous soluble
VEGF receptors during vasculogenesis, which decreases the level of endogenous
VEGF, results in a lack of network formation [8]. The relevance of VEGF ma-
trix binding in providing precise spatial cues has also been addressed in several
studies. For instance, embryos that expressed only VEGF isoforms lacking ECM
interaction domains lead to greatly reduced vessel branching and network com-
plexity [39]. However, to unravel the interaction between ECM molecules with
heparin domains and VEGF matrix-binding isoforms as well as their influence in
angioblasts responses, further experimental work is needed.
On the other hand, simulations of the mathematical model here considered,
reveal some interesting features of networks formation, which however remain to
be experimentally validated. For instance, for a fixed number of cells, pattern
formation dynamics on two time scales are observed. First, a fully connected
network is formed, so that percolation is attained and middle-long range con-
nectivity is achieved. This can be interpreted as a basic requirement for any
functional blood vessel network. On a longer timescale, tissue remodeling takes
place, whereby the number of lacunae continues to increase so that the surface
area keeps increasing too, thus ensuring an efficient distribution of nutrients and
waste removal. On the other hand, when cell densities are varied, three maxima
in the morphometric quantities can be distinguished. At increasing cell densities,
these mark the onset of percolation, the attainment of optimal interface length,
and that of a maximal number of lacunae, a fact related to the total spanning
length. Interestingly, the densities measured in in vivo vascular networks corre-
spond to the latter maximum.
In summary, I have proposed and studied a mathematical model based on the
assumption that matrix-binding of paracrine signals mediates early stages in in
vivo vascular patterning. Simulation of the model suggests that the assumptions
made are sufficient to generate vascular networks comparable to those observed
during quail embryonic vascular development.
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3.1 Abstract
In this chapter several aspects of the theory of vascular patterning under con-
sideration are tested in a controlled situation using an in vitro Matrigel assay
79
CHAPTER 3. ACCUMULATION OF EXOGENOUS VEGF AROUND ENDOTHELIAL CELLS GUIDES
IN VITRO VASCULOGENESIS
of HUVEC cells with exogenous administration of fluorescently labelled VEGF.
In line with the theory of matrix-mediated VEGF signalling, experiments show
that exogeneous VEGF accumulates around endothelial cells, matching up the
regions where specific VEGF matrix molecules are also found. Combined math-
ematical and experimental analysis allows to estimate key kinetic parameters of
VEGF, including the diffusion coefficient or the binding, unbinding and decay
rates. Moreover, a specific and parametrized version of the proposed model for
the Matrigel assays confirms that the retention of exogenous VEGF around HU-
VECs provides the necessary signals for in vitro vascular patterning.
3.2 Introduction
The theory for vascular patterning during embryonic vasculogenesis proposed in
Chapter 2 holds that specific ECM molecules produced by vascular precursors are
able to retain diffusive VEGF signals coming from adjacent tissues. The reten-
tion of those signals by the ECM would create spatially restricted guidance cues
that in turn would allow cells to organize into reticular networks. Mathemati-
cal modelling and morphometric methods have shown that the matrix-mediated
signalling mechanism under consideration is able to produce realistic vascular
networks, and has provided specific, testable hypotheses on the spatial distribu-
tion of cells and signals. In particular, the model predicts the retention of VEGF
in the vicinity of cells as a consequence of matrix-binding. In this chapter the
accumulation of VEGF in the proximity of cells is tested in a controlled situation
using an in vitro Matrigel assay of HUVECs with exogenous administration of
fluorescent-labelled VEGF.
More precisely, it is shown that administration of exogenous VEGF is key for
the in vitro vascular patterning process. Fluorescence recovery after photobleach-
ing (FRAP) techniques are used to estimate the diffusion coefficient of VEGF in
Matrigel. Also, it is shown that when HUVECs are present in Matrigel, exogenous
VEGF accumulates around cultured HUVECs within 60 minutes. Moreover, the
binding and unbinding rates of VEGF in those areas are estimated by FRAP anal-
ysis. Immunohistochemistry reveals that heparan sulfate proteglycans (HSPGs)
and fibronectin are major candidates to retain VEGF. Also, ELISA assays allow
to estimate VEGF decay in culture medium and shows that it is decreased in a
cell density-dependent manner, suggesting the absorption of VEGF by the cells-
produced ECM. Simulation of a mathematical model using actual concentrations
and estimated kinetic constants confirms that network patterning is possible un-
der the proposed theory. Moreover, perturbation of the spatially restricted cues
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by addition of collagenase causes reduced network complexity or absence of net-
work formation both in vitro and in simulation. Taken together, these observa-
tions demonstrate that vascular network formation in Matrigel assays depends
on matrix-mediated retention of exogenous VEGF.
3.3 Mathematical modelling and analysis
3.3.1 Estimating local mass transfer: FRAP analysis
In order to get insight into the dynamics of exogenous VEGF molecules, we used
FRAP methods. FRAP is a widely used technique to investigate transport and
interactions of molecules [1, 5, 9, 12]. In FRAP experiments, fluorescence tagged
molecules are irreversibly photobleached in a small region of interest (ROI) by
a high-powered focused laser beam. Subsequent displacement of surrounding
non-bleached fluorescent molecules into the bleached area leads to a recovery
of fluorescence, which is recorded at low laser power. This allows for quanti-
tative analyses that provide information about the motility and interactions of
fluorescent molecules. In this study we fit experimental recovery curves to theo-
retical models and estimate kinetic rate constants such as the diffusion coefficient
or binding/unbinding rates of fluorescently-labelled VEGF molecules present in
Matrigel cultures.
First, the diffusion coefficient of VEGF in Matrigel in the absence of cells was
estimated. To do this, a thin layer of Matrigel containing fluorescently-labelled
VEGF was prepared (see Section 3.6 for the details). After the gel has solidified,
a circular area of it is bleached and the recovery of the fluorescence in it is
tracked until recovery saturates (see Figure 3.1 A). If the increase in fluorescence
is interpreted on the basis of a linear diffusion model, a formula for the recovery
of the fluorescence can be derived [5]:
frap(t) = F∞exp
(
− 2
1 + 8Dt/a2
)
, (3.1)
where F∞ is the fluorescence after the recovery is complete, t is time and a is the
radius of the bleached ROI. The unknown parameter D, the diffusion coefficient
of VEGF, can be estimated by fitting (3.1) to the observed recovery. Doing so
for eight different recovery data, the following estimate was obtained:
D ≈ 5.87× 10−7cm2/s ± 1.7159× 10−7, (3.2)
which is consistent with estimates obtained by different methods [10].
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Figure 3.1: FRAP analysis. Two different FRAP experiments are shown in top
and bottom lines. (A) FRAP experiment in Matrigel in the absence of endothelial
cells. Panels (a1), (a2) and (a3) show the observed VEGF fluorescence in three
different time points, while (a4) shows a fitting of the linear diffusion model to the
obtained experimental recovery. (B) FRAP experiment in a culture of HUVECs
in Matrigel. In this case the photobleached region is a small circunference in
the proximity of an endothelial cell. Panels (b1), (b2), (b3) and (b4) are as in
the previous case. The theoretical model used in this case to fit the obtained
experimental recovery is the reaction-dominant model. Note that the spatial and
temporal scales in both cases are different.
Next, the dynamics of exogenous VEGF was analyzed in the areas around
HUVECs where VEGF accumulation can be observed (see Section 3.4.2 below).
More precisely, a small circular region around a cell was photobleached (see Fig-
ure 3.1 B), the recovery of fluorescence was observed and models were used to
obtain estimates for it. Contrary to the recovery in absence of cells, theoretical
curves due to diffusion do not fit well the observed experimental data. Moreover,
the closest theoretical curve (in the least-squares sense) to the experimental data
gives a very small diffusion coefficient. As a matter of fact, the estimated diffusion
of VEGF in the previous case cannot be observed in this experiment due to the
small size of the ROI and the time scale of the fluorescence measurements that are
used. In order to show the previous statement in a rigorous way, one can use an
analytical formula for the concentration of the fluorescent molecule after photo-
bleaching. Then, one can substitute therein the particular size and the estimated
diffusion coefficient of VEGF and look at the time evolution of the concentration
in the time scale of the experiment. More precisely, the concentration, c, of the
fluorescent molecule at position r, and at time t is given by [5]:
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c(r, t) = c0
(
1− exp(−r
2/4Dt)
2Dt
∫ a
0
exp(−r′2/4Dt)I0
(
rr′
2Dt
)
r′dr′
)
, (3.3)
where D is the diffusion of the molecule, r is the distance from the optical axis,
t is time, a is the radius of the bleached ROI, c0 is the initial concentration for
all r > a, and I0 is the modified Bessel function of the first kind of order zero.
Figure 3.2 shows the time evolution of the concentration c in (3.3) using the
estimated diffusion coefficient shown in (3.2), and the size of the ROI, a, used in
Figure 3.1 B. Note that after 3 seconds, which is the time interval used in the
experiment under consideration, the concentration is almost constant and very
close to the concentration of the fluorescence outside the ROI, c0. Therefore, the
recovery due to diffusion of free VEGF is not captured in this experiment. Thus,
the observed recovery of fluorescence in this case involves a different underlying
mechanism.
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Figure 3.2: Diffusion in a circular region (CR) after photobleaching.
The evolution in time of the concentration of fluorescent VEGF is shown with
respect to the radial distance from the optical axis. After photobleaching, the
concentration profile inside the CR (r < a) increases from zero to c0 in 3 seconds.
As shown in Section 3.4.3 below, the regions where VEGF is accumulated
match the distribution of some VEGF binding molecules of the ECM. Therefore,
it seems reasonable to fit fluorescence recovery with a model that accounts for
binding processes. A realistic case of binding that can be analyzed by FRAP con-
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sist of a single binding interaction, described by the following chemical equation:
V EGFu + ECMs
koff
⇆
kon
V EGFb, (3.4)
where V EGFu and ECMs denote unbound VEGF molecules and specific binding
sites of the ECM, respectively, and V EGFb represents bound VEGF. In general,
the equations describing the preceding binding reaction also incorporate diffusion:
∂u
∂t
= Du∆u− konus+ koffb (3.5)
∂s
∂t
= Ds∆s− konus+ koffb (3.6)
∂b
∂t
= Db∆b+ konus− koffb (3.7)
where u = [V EGFu], s = [ECMs] and b = [V EGFb] denote the corresponding
concentrations. These equations can be simplified by a number of assumptions
that are applicable in the biological situation under consideration [1]. A first
simplifying assumption is that binding sites are part of a large, relatively im-
mobile complex, at least on the time- and lenght-scale of the FRAP measure-
ment. Then, diffusion of binding sites and bound complexes can be ignored, i.e,
Ds = Db = 0. Another simplifying assumption is based on the fact that fluores-
cence molecules and binding sites are typically at a constant level by the time the
FRAP experiment is performed (from seconds to several minutes). Accordingly,
we can assume that the system has reached equilibrium before photobleaching.
We denote the corresponding equilibrium concentrations of V EGFu, ECMs and
V EGFb by Ueq, Seq and Beq. Althought the act of bleaching changes the number
of visible free and complexed molecules V EGFu or V EGFb, it does not change
the number of free binding sites. Therefore s = Seq is a constant throughout the
photobleaching recovery. Then we can eliminate equation (3.6) and also replace
the variable s in (3.5) and (3.7) with the constant value. As a result, we can
define a pseudo-first-order rate constant as k∗on = konSeq. Then, equations (3.5),
(3.6), (3.7) reduce to:
∂u
∂t
= Du∆u− k∗onu+ koffb (3.8)
∂b
∂t
= k∗onu− koffb (3.9)
While an analytical solution for (3.8), (3.9) can be obtained [1], here a par-
ticular case of that model is used that adequately describes the recovery of the
fluorescence in a tiny bleached area near a HUVEC cell. This particular case is
commonly known in this context as reaction-dominant model and describes a sce-
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nario where diffusion is very fast compared both to binding and to the timescale
of FRAP measurements [1]. In other words, diffusion is not detected in the
FRAP recovery, as it was shown before. As a consequence, one can assume that
free molecules instantly equilibrate after the bleach, i.e., u = Ueq. Thus, (3.8)
disappears and (3.9) becomes:
∂b
∂t
= −koffb+ k∗onUeq (3.10)
Note that the second term on the right hand side in the preceding equation
is constant, so this is a first-order linear equation whose solution is given by:
b(t) = (k∗onUeq/koff ) + Ae
−koff t (3.11)
In order to evaluate the constant A in (3.11) recovery data can be normalize to
lie between 0 and 1. More precisely, we assumes that after normalization the
concentration of fluorescence in the bleached zone is zero, i.e., b(0) = 0. Then,
A = −k∗onUeq/koff , which leads to:
b(t) = k∗onUeq/koff
(
1− e−koff t) (3.12)
Due to normalization, we also assume:
Ueq +Beq = 1 (3.13)
Equation (3.12) yields the behaviour for the bound complex of fluorescent protein.
Total fluorescence is:
frap(t) = b(t) + u(t) = Ueq + k
∗
onUeq/koff
(
1− e−koff t) (3.14)
Before the bleach, as noted above, the system is at equilibrium, and U and B
have achieved steady-state values, Ueq and Beq, then:
∂u
∂t
=
∂b
∂t
= 0 ⇒ k∗onUeq = koffBeq ⇒ k∗onUeq/koff = Beq (3.15)
Using (3.13), (3.14) and (3.15), we obtain:
frap(t) = u(t) + b(t) = 1− k
∗
on
k∗on + koff
e−koff t (3.16)
Then, fitting the previous formula to the experimental FRAP recovery yields
estimates for k∗on and koff . Doing so for six different recovery data, the following
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figures were obtained:
k∗on ≈ 1.5× 10−3s−1 ± 2.87× 10−4 (3.17)
koff ≈ 3.6× 10−3s−1 ± 3.68× 10−4 (3.18)
In order to estimate kon from k
∗
on we would need the equilibrium concentration of
binding sites, Seq, which is unknown. However, we can use estimated dissociation
constants of VEGF to matrix molecules as fibronectin or HSPG, defined as Kd =
koff/kon, that are available in the literature [8]. In this study, Kd has been shown
to depend on pH and Heparin concentration, but a suitable estimate for such
parameter would be around 100nM = 10−7M . Therefore,
kon =
koff
Kd
= 3.6× 104M−1s−1, (3.19)
a figure that is consistent with reported binding rates of VEGF to HSPG [18].
3.3.2 A parametrized mathematical model for in vitro
vasculogenesis
The quantitative analysis by means of FRAP provides insight into the dynamics
of VEGF in Matrigel assays. Importantly, these results are in line with the hy-
pothesis that specific ECM molecules produced by HUVECs act to retain VEGF
around cells. To study whether this mechanism can guide cells into the formation
of network patterns a parametrized version of the hybrid model use in Chapter 2
is used. The mechanisms and the main structure of the mathematical model de-
scribing vasculogenesis in vivo remain unchanged. However, several changes have
been made to adapt the model to the particular in vitro experimental conditions,
where most model parameters have been estimated. Below, the main assump-
tions made for the formulation of the model are summarized:
(1) HUVECs are seeded on top of a planar Matrigel surface and once they lie
on it, their vertical displacement is small. Therefore, the problem can be reduced
to a 2D configuration.
(2) Initially, the culture medium contains a homogeneous concentration of
soluble, unbound VEGF. VEGF diffuses through the medium and the Matrigel
and it can bind (and unbind) to various ECM molecules such as heparan sulphates
or fibronectin. For simplicity, it is assumed that such a reversible binding reaction
follows the mass action law.
86
A. Ko¨hn Luque 3.3. MATHEMATICAL MODELLING AND ANALYSIS
(3) HUVECs produce ECM components able to bind VEGF, such as fi-
bronectin and heparan sulphates. As those molecules have a higher molecular
weight than VEGF and they can bind to many other molecules of the ECM, the
effective diffusivity of molecules with VEGF binding capacity, as well as VEGF
bounded to them is assumed to be very small compared with the diffusivity of
unbound VEGF.
(4) Bound forms of VEGF provide stronger signalling cues for cell motility
than freely difusive forms [2, 13]. Consequently, motility is biased in the model
towards upward gradients of anchored growth factors, while chemotaxis towards
freely diffusive forms is neglected.
(5) Binding of VEGF to ECM molecules offers protection to growth factors
against enzymatic degradation [4,16]. Therefore, degradation or removal of bound
growth factors are neglected in the model.
(6) No proliferation or cell death is taken into account during the modelled
time window.
Let u, s and b be the concentrations of V EGFu, ECMs and V EGFb, respec-
tively. Bearing in mind assumptions (2) and (3) above, the following reaction-
diffusion system is proposed:
∂u
∂t
= Du∆u− konus+ koffb− ǫu
∂s
∂t
= Ds∆s + γ − konus+ koffb
∂b
∂t
= Db∆b+ konus− koffb, (3.20)
where Du, Ds and Db are the diffusion coefficients of V EGFu, ECMs and V EGFb
respectively. The parameters kon, koff and ǫ represent the binding, unbinding and
decay rates of VEGF respectively. The function γ represents the production rate
of VEGF binding sites by HUVECs (γ = 0 in sites that are not occupied by cells).
Cells are represented on a discrete square lattice. The same index σ =
1, 2, ..., N labels all the lattice sites, x, occupied by a particular cell, while the
special index σ = 0 labels all lattice sites occupied by the extracellular medium.
The interfaces between two different lattice sites, x and x′ with different index
σx and σx′ represent the membrane boundaries between two cells or between a
cell and the medium. Cell shape and position of cells is determined by volume
and perimeter constraints plus a biased (chemotactic) movement towards bound
VEGF. More precisely, the state of the system is defined by means of the following
Hamiltonian:
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H =
∑
σ>0
(λa(aσ − A)2 + λppσ), (3.21)
where the term (aσ − A) represents the deviation of a cell labelled with the
index σ from a target area A and pσ is the total perimeter of the same cell. The
parameters λa and λp represent the strength of the area and perimeter constraints
respectively.
Dynamics in the discrete lattice are generated by a modified Metropolis algo-
rithm that randomly chooses a lattice site, x′, and computes what the difference
in energy, ∆H , will be if a randomly selected neighboring site, x, would copy its
state into this site. The probability of accepting the change, P , depends on the
difference in the energy and a chemotactic energy term ∆Hc = ∆H−µ(bx′ − bx):
P (∆Hc) =

1 ∆Hc ≤ 0e−∆Hc otherwise (3.22)
In this way, cell shape and position is updated locally such that cells shape is
biased towards a target area and minimum perimeter and the movement is biased
up the gradients of V EGFb.
In order to parameterize the model according to the in vitro situation, the
estimates obtained in this chapter using own experimental data for VEGF concen-
trations, diffusion coefficient, half-life, and binding/unbinding rates will be used.
Moreover, quantitative image processing allows to estimate also average cell sizes
and cell densities in the Matrigel cultures. On the other hand, the chemotactic
sensitivity parameter µ has been estimated by comparison to the response of HU-
VEC cells to quantified gradients of VEGF as reported in Reference [15]. Using
a microfluidic device, those authors generated stable and precise linear gradients
(14 ng/mL/mm) of VEGF with concentrations between 18 − 32 ng/mL in the
presence of fibronectin (10 µg/mL), and measured the migration of cells towards
regions of higher concentrations. These concentrations are reported below re-
ceptor saturation concentrations [19] and comparable to the ones used in our in
vitro assays. In line with the experimental setup, a stable gradient of bound
VEGF and a random distribution of cells is simulated and then cell displacement
are measured over a period of 6 hours by recording the change in occupancy in
four equally sized regions (250µm). Fitting the results from simulation with the
reported cell migration, an estimate for chemotactic sensitivity µ = 107, can be
obtained, see Figure 3.3.
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Figure 3.3: Chemotactic strength estimate. (A) Simulation results using
different values for the chemotactic strenght parameter, µ, are shown. The net
change in cells occupancy after 6 hours was quantified in four equally sized re-
gions of the simulated cultures. (B) Experiments used in Ref. [15]. (C) Simulated
experiment displaying cells in red and the VEGF gradient in green. (D) Experi-
mental results reported in Ref. [15] after 6 hours.
3.4 Results
3.4.1 Exogenous VEGF is key for network patterning
In previous studies discussed in Chapter 1, it is assumed that VEGF secreted by
cells plays a key role during in vitro vascular patterning [7, 14]. However, con-
siderable amount VEGF not produced by cells exists in the culture medium. To
evaluate the relevance of exogenous VEGF in the specific experimental conditions
under consideration, HUVEC cultures containing exogenous VEGF (control) are
compared with cultures where VEGF was previously removed from the culture
medium. Specifically, normal EGM-2 medium (containing VEGF) is used for
control cultures and additional cultures are prepared with VEGF-free EGM-2
medium. It was observed that network formation is dramatically reduced in the
VEGF-free case as compared with the network formed in the presence of VEGF
(see Figure 3.4). In particular, the number and total length of cell protrusions
were decreased, indicating that exogenous VEGF in the culture medium, instead
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of VEGF produced by HUVECs, if any, is key for network patterning.
VEGF+ VEGF-
No of 
protrusion 297 117
Average 
length 29.2 27.6
B C
VEGF+ VEGF-
Figure 3.4: Exogenous VEGF is key for in vitro vascular patterning.
(A), (B) show representative images of HUVECs in the control (VEGF+) and
VEGF-free (VEGF-) settings. (C) Quantitative comparison of cells protrusion
number and average length of protrusions between the two cases.
3.4.2 Exogenous VEGF is absorbed around cultivated HU-
VECs
In order to experimentally test the accumulation of VEGF around cells, HUVECs
on a thin layer of Matrigel were cultured for 10 hours. Then, 1 µg/ml solution
of fluorescently-labelled VEGF was applied on the culture dish and observed for
60 min as described in Appendix 3.6 on Materials and Methods. Accumulation
of fluoresecently-labelled VEGF around cells was observed within 5-10 minutes.
The fluorescence became saturated after that and the concentration around cells
did not change much. However, there were subtle background changes after
that period, that resulted in equilibrium after 60-90 minutes. A comparison of
fluorescent and brightfield images shows that the absorption occurs mainly at the
extracellular region near the cells and is not confined to the cell membrane (see
Figure 3.5).
3.4.3 VEGF binding molecules colocalize with VEGF ab-
sortion areas
To investigate the reason behind the accumulation of fluorescently-labelled VEGF
in the proximity of HUVECs, VEGF binding molecules were labelled in cultures
by means of immunohistochemistry. We found out that two ECM molecules that
bind strongly to VEGF, fibronectin and HSPG, colocalize with VEGF absorp-
tion areas in the vecinity of HUVECs (see Figure 3.6). To what extent those
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Figure 3.5: Absorption of VEGF around endothelial cells. Time-lapse
of fluorescent and brightfield images showing typical observed accumulation of
fluorescently-labelled VEGF (VEGF-F) around HUVECs (Brightfield). A super-
position of both image types is shown in the top line (Merge).
ECM molecules are secreted or redistributed by HUVECs is not clear. Although
expressions of both fibronectin and HSPG in HUVECs have been reported, an
active reorganization by endothelial cells of the existing VEGF binding molecules
in Matrigel cannot be excluded. Transmission Electron Microscopy (TEM) was
used to examine the structure of Matrigel in the cultures. TEM does not reveal
regions devoid of Matrigel in the cultures but a considerably uniform structure
of Matrigel with a slightly denser fiber texture in the proximity of cells. Con-
sequently, the reason for localization of VEGF and VEGF binding molecules in
the proximity of cells is not the accumulation of the whole extracellular material
around them. Taken these results together, fibronectin and HSPG are considered
as candidates that retain VEGF in the proximity of HUVECs.
3.4.4 VEGF in the cultured medium is decreased in a cell
density-dependent manner
VEGF decay in the culture medium was quantified by means of ELISA assays
(see Materials and Methods in Appendix 3.6). More precisely, ELISA assay was
used to measure the evolution of VEGF concentration in culture medium alone
(without Matrigel or cells) and in mediums extracted from cell cultures contain-
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Fibronectin HSPG
Figure 3.6: Immunohistochemistry of VEGF binding molecules. Fluores-
cent staining of fibronectin (A) and HSPG (B) around HUVECs. Cells nuclei are
stained in blue.
ing different cell densities. In the first case, decay is mainly due to molecular
degradation. According to ELISA results, an estimate of VEGF half-life is above
72 hours (see Figure 3.7), which is much higher than that used in previous stud-
ies [14]. In the second case, decay is a result not only of molecular degradation
but also due to matrix-binding or cell uptake. It was found that VEGF con-
centration in the culture medium is reduced in a cell density-dependent manner.
Specifically, VEGF concentration was measured in the culture medium before and
after HUVEC culture on Matrigel for 18 hours. A significant reduction of VEGF
was detected (see Figure 3.8). Moreover, the reduction was greater when cell
density was higher, indicating that the decrease of VEGF is not due to general
absorption by Matrigel or culture dish.
3.4.5 Model simulations mimic in vitro HUVEC cultures
After investigating VEGF dynamics in HUVEC cultures, the mathematical model
described in Section 3.3.2 was used to see whether the estimated kinetics of VEGF
can drive HUVECs aggregation and patterning. Model simulations show that cells
form reticular network patterns based on matrix-mediated retention of chemoat-
tractant signals within the estimated range of biophysical parameters provided
that the cell density is high enough (see Figure 3.9). Moreover, the model is able
to mimic an experiment where network formation is perturbed. More precisely, if
network formation depends on spatially restricted guidance cues of VEGF absor-
ped on cell-produced ECM, perturbing these spatial cues is expected to hamper
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Figure 3.7: VEGF decay. VEGF concentration measured in EGM-2 culture
medium at different incubation times.
High density Low density
Figure 3.8: VEGF decay in HUVEC cultures. VEGF concentration in the
culture medium measured before (EGM-2) and after HUVEC culture on Matrigel
for 18 hours (After Culture). Two different cell densities were used and VEGF
was found to decrease faster in the high density case.
network formation. In HUVEC assays, adding collagenase to the medium breaks
peptide bonds in collagen, an abundant component in Matrigel, which presumably
increases the motility of those matrix molecules. Because the main candidates
for VEGF binding molecules in our culture system (HSPG and fibronectin) are
known to strongly bind collagen, administration of collagen is assumed to distort
the fine-grained spatial cues. In our model, increasing the diffusion coefficients of
VEGF binding sites and the associated bound VEGF (Ds and Db) has a similar
effect. Indeed, comparison of model simulations with in vitro assays under varying
amounts of collagenase shows that an increase in motility of matrix components
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Figure 3.9: Model simulations. Simulated cellular patterns and bound VEGF
distributions at 4000 MCS are shown over a range of different cell densities.
Initially, cells were distributed all over the domain on a regular grid while the
concentration of soluble VEGF was constant and equal to the one used in the
Matrigel assays. The initial concentration of bound VEGF was assumed to be
zero.
with VEGF binding sites sharply reduces network complexity (see Figure 3.10).
These results further indicate that HUVECs make use of guidance cues retained
by cell-produced matrix molecules.
3.5 Discussion
In order to unravel the role of VEGF in guiding angioblasts during embryonic
vasculogenesis, it is necessary to describe in detail the spatiotemporal dynamics
of VEGF molecules during this process. VEGF gene expression in the embryo has
been reported in several studies (see for instance Ref. [11]). However, no data are
available in the literature on the precise distribution and concentrations of VEGF
molecules during embryonic vasculogenesis. As a matter of fact, the physiological
concentration of VEGF seems to be very low and this complicates the task of
labelling and imaging those molecules. Moreover, fixing the embryo, a usual pro-
cedure for molecular labelling, does not allow to analyze the dynamics and kinetic
properties of VEGF. In view of these problems, this study used an in vitro Ma-
trigel assay of HUVECs with exogenous administration of fluorescently-labelled
VEGF, where dynamic and quantitative analysis of VEGF is possible provided
that the used concentrations are high enough to be dectected under confocal
microscopy. As high concentrations of VEGF are known to severly impact cell
behaviours, studies with fluorerescent VEGF were only used in this study to test
the accumulation of VEGF around cells and to investigate the kinetic properties
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Figure 3.10: Collagenease experiment. Three HUVEC cultures containing
different amounts of collagenease are compared with model simulations where
the diffusion of binding sites and bound VEGF, Ds and Db in model (3.20),
respectively, was increased from 0 to 0.5.
of VEGF in the assays by means of FRAP. However, to study network formation
of HUVECs low concentrations of VEGF were used, see Section 3.6.
Despite the large differences between in vivo vasculogenesis and the Ma-
trigel assays under consideration, this study suggests that there are paralelisms
in the mechanisms underlying patterning. As shown by means of mathemati-
cal modelling and simulations, a uniform distribution of VEGF (produce by the
endoderm in vivo and externally added in vitro) can result in non-homogeneous
configurations that drive cells into network patterns, when bound to specifc ECM
molecules produced by cells. This view is is contrast with previous models for
similar Matrigel assays that have assumed an autocrine source of VEGF as the
driving force for patterning [3,7,14]. The autocrine hypothesis was supported in
Reference [14] by showing that individual cell trayectories were directed toward
zones of high cell concentration. However, those data are also in line with the
matrix-binding theory proposed here. Moreover, the fact that Matrigel cultures
without exogenous administration of VEGF fail to generate networks invalidates
the autocrine hypothesis, at least in the experimental setup used here. Another
important difference between previous works and this study is that the estimated
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half-life of VEGF used for simulations was very small compared to the one esti-
mated here. As a matter of fact the decay in VEGF concentration measured in
those studies was performed in mediums cultured with cells for different times
(see [14]). Therefore, the decay was not only due to molecular degradation, but
also due to other processes as cell uptake or matrix-binding.
An important insight obtained in the present study is that the dynamics
of VEGF in Matrigel is different when cells are present. Fluorerescent labelling
clearly shows that exogenous VEGF accumulates in extracellular regions around
HUVECs. In thoses areas close to cells, the binding and unbinding rates of VEGF
were estimated by means of FRAP. As the size of those areas are of the order cell
size, the bleached area in the experiment has to be small and it does not allow to
observe diffusion of free VEGF molecules, which is a faster process than binding.
The parametrized model used in this chapter generates networks from dis-
perse, isolated cells, but quantification and comparison of simulated and experi-
mental patterns have not been accomplish yet. Although the tools developend in
Chapter 2 can be used to quantify both patterns further work is needed to obtain
and segment images from in vitro cultures that are needed for quantification.
Preliminary work in this direction indicates that the model is able to reproduce
only the initial period of the culture. As a matter of fact, it has been shown
in other studies (see Refs. [6, 17]) that after after an initial period of 2-3 hours,
mechanical tractions of cells in Matrigel, a mechanism that has been neglected in
the present model, have an important effect in the observed patterns.
3.6 Appendix: Materials and Methods
Simulations
Numerical simulations were performed using the modeling software Morpheus
developed by members of Prof. A. Deutsch group at Technische Universita¨t
Dresden in collaboration with the author. The modified Metropolis algorithm
governing cell motility in the cellular Potts module (CPM) was specified with
temperature T=1 and a 8-pixel neighborhood. Random numbers were gener-
ated using Mersenne Twister algorithm (mt19937) available in C++ TR1 library
extensions. Reactions in the PDE module were solved using the 4th order Runge-
Kutta method with time step dt=1.0, i.e. once every Monte Carlo step. Diffusion
was solved using Euler forward diffusion using time steps that are chosen as to
satisfy the Courant-Friedrichs-Lewy condition for the given length interval and
diffusion coefficient. Space discretization was chosen equal for the CPM and PDE
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models.
Network formation assay
Human Umbilical Vein Endothelial Cells (HUVECs) were purchased from Lonza
Inc. and maintained in EGM-2 culture medium. Culture medium was changed
every 2 days. Cells with less than 10 passages were used for experimentation.
Matrigel solution (BD Biosciences) was prepared on ice. 50 µl of Matrigel was
spread in the center well of 35 mm glass-bottom dish (Matsunami Glass inc.).
The dish was kept at room temperature for 10 min to allow the Matrigel to
solidify. HUVECs in a different chamber were detached from dish using 0.1%
Trypsin-EDTA solution (Nacalai Tesque inc). The cells were centrifuged, trypsin
solution was removed and resuspended in EGM-2 culture medium. Cells were
seeded on Matrigel-covered dish in various cell densities. In some cases Type I
Collagenase (Sigma) was added to the culture medium. The dish was cultivated
18 hours, and pattern formation was observed using inverted microscope (Nikon
TMD or Nikon Eclipse). For VEGF-free condition, we prepare EGM-2 culture
medium without VEGF supplement and use it for the experiment.
Absorption of fluorescently-labelled VEGF around HUVECs
Recombinant Human VEGF protein was purchased from Peprotech Inc. 100 µg
of the protein were covalently conjugated with Alexa-488 fluorescent dye using
microscale protein labeling kit according to the manufacturers protocol (Molecu-
lar Probes Inc.). We used 4.7 µl dye solution for labeling 100 µg VEGF protein,
and fluorescently-labelled protein was purified from unbound dye using gel fil-
tration column according to the manufacturers protocol. The labelled protein
has a biological acitivity monitored by induction of dpERK in HUVEC (data not
shown). HUVECs were seeded on a thin layer of Matrigel on 35 mm glass-bottom
dish as described above. The cells were cultivated for additional 10 hours at 37
◦C in a humidified atomosphere. Then the dish was moved to stagetop incu-
bator on Nikon C1 confocal microscope. 1 µg/ml of fluorescently-labeled VEGF
was prepared by mixing the EGM-2 culture medium with 1 µg/ml stock solution.
The working solution was prewarmed in the stagetop incubator. The culture
medium in the culture dish was completely removed, and fluorescent VEGF-
containing culture medium was added to the culture dish. Then the absorption
of fluorescently-labeled VEGF was observed at x60 magnification using Nikon
C1 confocal microscope. Brightfield and fluorescence images were captured every
minute.
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Fluorescence Recovery After Photobleaching (FRAP)
FRAP experiments in the Matrigel region were done using thin layer of Matrigel.
First we mixed 1 µg of fluorescently-labeled VEGF to 100 µl of phenol-red free
Matrigel (BD Biosciences) on ice. 3 µl of VEGF-F containing Matrigel solution
was put on a slideglass, and covered by a coverglass of 18 x 18 mm size (Mat-
sunami Glass Inc.). The Matrigel on the slide was allowed to solidify for 10 min at
room temperature in a moisture chamber. Then the slide was put in the stagetop
incubator, and the sample was photobleached at x20 lens. The bleach spot size
is around 2000 µm2, and the recovery time is 60 frames with 10 second interval.
FRAP experiments in the proximity of cells were performed using the HU-
VEC after absorption of fluorescently-labelled VEGF has reached equilibrium,
which occurs in 60-90 minutes. The spot size was kept 10 µm2, and the recovery
was observed for every 3 seconds for 200 frames.
Immunohistochemistry
HUVECs were cultivated for 18 hours on thin layer of Matrigel as described above.
The cells were fixed in 100% Methanol for 10 minutes. The nonspecific binding
was blocked using 1.5% NGS, and primary antibody against HSPG (Seikagaku
Kogyo Inc. 10E4) or fibronectin (SC-69682 Santa Cruz biotechnology inc.) was
added overnight at 4 degree. For HSPG, the culture dish was washed three times
with PBS to remove unbound primary antibody. Then the biotin-conjugated
secondary antibody was added to the dish, incubated for 30 min at room temper-
ature, and FITC-avidin was used to visualize the distribution. For Fibronectin
immunohistochemistry, we washed the dish, incubate in Alexa 488-labelled sec-
ondary antibody. In both cases, nuclei were stained with Hoechst 33342 to clarify
the location of cells.
Sandwich ELISA
100 µl of capture antibody were applied to each well of the 96-well plate and
incubated overnight. Then each well were washed with wash buffer. Nonspecific
binding was blocked by blocking buffer. After these preparations, dilutions of
unknowns and standards were applied to the wells, and incubated for two hours
at room temperature. Then the wells were washed with wash buffer. Biotynilated
detection antibody was applied to the well and incubated for 2 hours at room
temperature. After wash, 100 µl of Streptavidin-HRP was added to each well
and incubation was performed for for 20-30 minutes at room temperature. Then
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the substrate was washed away, 100 µl of substrate solution (R&D systems) was
added to each well and incubated for 20-30 minutes at room temperature to
develop color. Then 50 µl of stop solution was added to each well. The optical
density of each well was determined within 30 minutes with microplate reader
(Thermo Fisher Multiskan FC).
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4.1 General remarks
The last decade have seen great progress in our understanding of blood vessel mor-
phogenesis. However, many questions remain open at every level. For instance,
the genetic information leading to the generation of vascular networks has not
been fully deciphered. The molecular players that mediate genetic instructions
and their mutual interaction have not been identified yet and the biophysical
mechanisms that translate such plans into vascular shape are not understood. In
addition, morphogenesis, as many other phenomena in Biology, is governed by
very complex dynamic interactions that involve many players and span a range
of different spatiotemporal scales. These features would make it difficult to un-
derstand morphogenesis even if all the players and interactions involved were
known. As a matter of fact, modern biological techniques can nowadays generate
extensive amounts of data on specific processes, but they are often hard to be
accounted for since the underlying dynamics are extremely complex. Progress
in such a complicated scientific landscape requires effective approaches to iden-
tify main issues and neglect secondary information. In general, there is a need
for integrative approaches that combine experimentation with theoretical and
quantitative multiscale methods. In particular, the prospects of mathematical
and computational techniques to address such complex problems in Biology are
becoming more and more promising.
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As for the specific problem in vasculogenesis addressed in this thesis, fur-
ther developments can be made in different directions. Regarding the proposed
mechanism of vascular patterning during vasculogenesis, several aspects need to
be investigated in more depth. In particular, in the context of embryonic vas-
culogenesis few data are available about the interaction between ECM molecules
with heparin domains and VEGF matrix-binding isoforms. Also, the influence
on embryonic angioblasts of matrix-bound VEGF versus free, unbound VEGF
has not been addressed. Progress in this direction would allow to design specific
experiments to test, in combination with suitable modifications of the model, the
core of the proposed patterning mechanism. On the other hand, in this study an
attempt has been made to identify key underlying mechanisms during vascular
patterning. On the contrary, many molecular and cellular aspects that have an
impact in angioblasts coalescence and early vascular patterning have been ne-
glected. Possible approaches to extend this study are to include in the analysis
other pro- and anti-angiogenics signals, to study the impact of cell proliferation or
the interaction of angioblasts with other cell types in network patterning. More-
over, juxtacrine cell-cell communication, ECM degradation by cells and aspects
related to cell mechanosensing seem interesting mechanisms to be explored. Some
of those model extensions have created interest in the biological community and
are already being jointly developed by the author together with experimental
partners (see Sections 4.2 and 4.3 below).
At the mathematical level, there are important issues that need to be studied
in more detail. Regarding the model formalism to be used for this and other sim-
ilar problems, there are different views. However, very few comparative studies
exist that allow to establish relations and differences among them. A formula-
tion of exactly the same biological mechanisms and hypothesis proposed here by
means different types of mathematical models would allow to clarify this issue.
Accordingly, the derivation of continuous PDE equations from the hybrid model
proposed here would point in that direction. As a matter of fact, an important
drawback of the discrete CPM module used in this study is the lack of analytical
tools to investigate the properties of model solutions. Also, some phenomenolog-
ical parameters in the CPM module do not have a clear physical and measurable
meaning. Both problems could be addressed by deriving suitable PDE equa-
tions from the original model, since in that case many analytical tools exist and
parameters could perhaps be easier to relate to biophysical processes.
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4.2 Role of cell proliferation in early vascular
patterning
Proliferation and differentiation are mutually exclusive biological phenomena [6].
This developmental paradigm is crucial to understand the formation of patterned
structures in the embryo, which require a limited proliferation in order not to dis-
tort patterning via hyperplasia. In the context of vascular development, several
studies have shown that increasing endothelial cell numbers causes severe alter-
ation of blood vessel patterning and morphology [7]. Therefore, analysing the
regulation of proliferation in embryonic angioblasts/endothelial cells is important
to further understand early vascular development.
Experimental data on this topic available in the literature are confusing,
mostly because the mitogenic properties of growth factors like VEGF have been
extensively proven in vitro and using late fetal or adult endothelial cells, but
not tested on angioblasts or early embryonic endothelial cells. As a matter of
fact, supplying extra VEGF to the developing embryo does not seem to increase
endothelial proliferation, but rather causes the formation of dysmorphic, large
endothelial lacunae thought to result from hyperfusion of endothelial cells [3].
Therefore, the results obtained in in vitro experimental settings using mature en-
dothelial cells can not be directly extrapolated to the developing embryo. Instead,
and according to available data, it is logical to hypothesize that: 1) embryonic
endothelial cells might not proliferate as much as suggested by in vitro exper-
iments in which mature endothelial cells (displaying a low mitotic rate under
normal conditions) are induced with supraphysiological concentrations of VEGF;
and 2) angioblast/endothelial cell proliferation is controlled by inhibitory signals
that could balance the promotion of cell division induced by other molecules.
An excellent candidate to act as negative regulator of endothelial proliferation
is retinoic acid (RA), a biologically active derivative of VitaminA. Embryos de-
ficient for Raldh2, the main RA-synthesizing enzyme in the mesoderm, show a
remarkable increase in endothelial cell proliferation and evident defects in blood
vessel morphology [7].
On the other hand, existing mathematical models of vasculogenesis, includ-
ing the ones proposed in this dissertation, have neglected cell proliferation (see
Sections 1.3 and 2.3 above). Few studies have analyzed the impact of cell density
in network patterning by exploring a range of different cell densities that remain
constant along simulations (see Section 2.5 and Refs. [5, 11]). A natural further
step in these studies is therefore to extend the proposed models to include cell
proliferation and to analyze the impact in network patterning. In the case of
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the hybrid model proposed here, where cells consist of a connected subset of lat-
tice sites, mitoses or cell divisions can be accounted for by spliting cells into two
daughter cells along a defined axis [12]. More precisely, lattice sites ocupied by
one of the daughter cells keep the index of the mother cell, while a new index
(different to those identifying other cells) has to be assigned to the lattice sites
occupied by the other (see Figure 4.1). After division, daughter cells will growth
towards a predefined target size according to a usual CPM cell size contraint. If
necessary, target size could be time-dependent to reproduce for instance gradual
growth. Besides defining the dividing axis and a suitable dynamical system for
the evolution of the target volume, a key problem to be addressed when mod-
elling proliferation in this framework is to determine the precise time when each
cell of the developing network has to undergo mitosis. This could be in principle
accounted for by coupling a more or less complex cell-cycle model to every simu-
lated cell. Ideally, those internal clocks that tell every cell when to divide should
account for positive and negative mitotic signals perceived by cells. However, lit-
tle is known about the nature of those signals and their subcellular mechanisms
regulating them during vasculogenesis. Therefore, a different approach based on
estimating average dividing rates is proposed here as a first approximation to
the problem that is expected to provide information on the biological hypothesis
mentioned above.
Figure 4.1: An example of cell division in the CPM. The lattice sites
occupied by a cell (in red) are approximated by an ellipse [16]. Then the minor
axis of the ellipse is use to divide the cell in two daughter cells (red and green)
In order to quantify proliferation of vascular cells in embryos, BrdU treatment
can be used, see Figure 4.2. This procedure labels all cells that are in the S
phase of the cell cycle and allows to estimate an average value for the cell-cycle
length and the rate of division in the tissue [13, 15]. The same method can
also be used for embryos where proliferation has been perturbed. For instance,
colchicine treatment inhibits proliferation in embryos while downregulation of the
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enzyme Raldh2, or chemical inhibition of RA synthesis, is expected to increase
the proliferation rates of vascular cells. The different estimates obtained in by
this method can then be used as inputs to the model that will generate different
types of networks. Analyzing and quantifying both simulated and experimental
networks is expected to provide information of the impact that proliferation has in
developing networks as well as to test related biological hypothesis. In particular,
this analysis will allow to explore the correlation between expression of Raldh2
along the embryo (and therefore the production of RA), angioblasts proliferation,
and network patterning.
Figure 4.2: BrdU labelling. The developing vasculature next to the dorsal
aorta (da) is shown in a quail embryo. BrdU (green) labels all nuclei in the tissue
that are in the S phase of the cell cycle. QH1 (red) labels the vasculature. Every
green nuclei inside the network indicates a proliferating vascular cell. Asterisks
label somites.
In order to illustrate the proposed approach, a number of preliminary simu-
lations have been run and quantified. More precisely, an extended version of the
model proposed in Chapter 2 including proliferation has been used. Figure 4.3 A
shows the cellular patterns generated with zero, low and high proliferation rates
respectively. In those simulations the selected axis of division was as explained
in Figure 4.1 and the target size was choosed constant and equal for every cell.
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Figure 4.3: Impact of cell proliferation in vascular patterning. Comparison
of three different simulations with different proliferation rates: no proliferation
(green), low proliferation (blue) and high proliferation (red) A. The cellular pat-
terns generated after 3000 MCS are shown. In all cases, the same number of cells
where distributed initially in a regular mesh. Initial cells are shown in red while
newly generated cells are shown in green. B. Time evolution of the number of
lacunae. C. Time evolution of the total interface length between cells and ex-
tracellular medium. Lines show average values and filled areas indicate standard
deviations over 10 simulations.
Figure 4.3 B and C show the time evolution of lacunae number and interface
length between cells and ECM for the three cases shown in panel A. For the
selected settings (initial number of cells, prolifation rates, dividing axis, etc.)
Figure 4.3 shows that a network pattern can be generated with the low prolifer-
ation rate while dysmorphogenesis is achieved both for the no proliferation and
high proliferation cases.
Note that in the previous example, all cells in a simulation have the same
proliferation rate. An average proliferation rate of the cells in a developing vascu-
lar network can be obtained from BrdU experiments. However, it could happen
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that the proliferation rates of the population under consideration are hereroge-
neous and dynamic. For instance, during sprouting angiogenesis cells at the tip
of the sprout rarely proliferate while stalk cells behind tip cells often proliferate
and those phenotypes are exchanged in a highly dynamic fashion [4]. If this is
also the case during vasculogenesis, this features might have an impact in net-
work patterning that would be hardly captured using average proliferation rates.
In this case, more elaborated proliferation modes might be needed in the model.
Some proliferation modes that could be explored in simulations are for instance
those dependent on cell shapes, contact surface with other cells or positive or
negative mitotic signals.
4.3 Role of the vasculature in liver organogene-
sis
It is well established that tissue-derived factors are involved in blood vessel for-
mation. Presently, evidence is emerging that the endothelium provides crucial
intructive signals to surrounding non-vascular tissue during organ development,
as for instance during liver organogenesis [2]. The liver is the largest internal organ
providing essential metabolic, exocrine and endocrine functions. These include
production of bile, metabolism of dietary compounds, detoxification, regulation
of glucose levels through glycogen storage and control of blood homeostasis by
secretion of clotting factors and serum proteins. The main parenchymal cell type
in the liver are hepatocytes, that account for 70 % of the mass of the adult or-
gan. These highly polarized cells organize themselves as hepatic lobes. These are
complex, regionalized histological and functional liver units in which hepatocytes
produce bile to the apical membrane while the basal membrane remain in close
contact with the circulation via hepatic sinusoids. Sinusoids are highly specialized
vascular channels lined with fenestrated (highly permeable) endothelial cells that
lack an organized basement membrane. Liver function crucially depends on the
complex 3D architecture of the hepatic and sinusoidal endothelial tissues. How-
ever, little is known about the establishment of that characteristic architecture
during the organogenesis of the liver.
Emerging evidence indicates that close reciprocal interactions between en-
dothelial and hepatocytes precursor cells control crucial steps in early liver devel-
opment. In particular, the feedback between the endodermal epithelium and the
adjacent endothelium is crucial for normal organogenesis following hepatic speci-
fication [8], see Figure 4.4. As discussed in Chapters 1 and 2 above, endodermal
tissue release differetiation and patterning signals inducing the formation of a
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Figure 4.4: Endothelium-endoderm feedback. Epithelial cells from the endo-
derm and endothelial cells (ECs) are thought to co-develop as a result of mutual
signalling events between these cell types. ECs differentiate, proliferate and form
vessels as a response to epithelial factors. In turn, epithelial cells respond to
endothelial signals with growth, differentiation and delamination. Image from
Ref. [8].
primitive vascular plexus. Reversely, vascular cells promote endodermal hepato-
cytes precursors proliferation and hepatic primordium morphogenesis [10]. The
primitive vascular bed covers the endodermal outgrowth that will form the liver
primordium and forms the pre-existing network from which the liver sinusoids
are thought to grow by a combination of angiogenesis and vasculogenesis [1, 14].
According to available data, it is natural to hypothesize that vascular growth is
guided by VEGF, which is essentially produced by hepatocyte endodermal pre-
cursors. VEGF in turn, seems to upregulate production of Hepatocyte Growth
Factor (HGF) in sinusoidal endothelial cells leading to hepatocyte proliferation
and early liver growth [9]. Further understanding of the consequences of those and
others reciprocal interactions in the spatial organization of both cell populations
remain unknown.
There is a need for quantitative investigation of the dynamics of early liver de-
velopment. Quantitative data on the liver architecture are scarce. Identifying spa-
tial and temporal regularities in the establishment of the hepatocytes/sinusoids
patterning requires accurate quantitative statistics of the structures along a series
of morphometric descriptors that are currently unavailable. Moreover, there is
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a lack of mechanistic mathematical models to describe and explain liver devel-
opment and vascularization. Given the growing interest in the active role of the
endothelium in organ development, it is surprising that little or no mathematical
models exists that address the growth of endothelial networks during organogen-
esis. In particular, the role of the endothelium on the surrounding tissues has
been largely neglected in models of blood vessel formation.
high
low
Angioblasts Hepatoblasts Angioblasts
VEGF HGF
Figure 4.5: 3D simulation. Endodermal hepatoblasts (blue) secrete VEGF.
VEGF binds to ECM produced by Angioblasts (red). Bound VEGF provides
patterning cues for angioblasts to organize into a network pattern. Angioblasts
in turn, when stimulated by VEGF produce HGF that targets hepatoblasts. Pro-
liferation effects caused in angioblasts and hepatoblasts by VEGF and HGF re-
spectively are not included.
In this project, a combination of quantitative image analysis and mathemat-
ical modelling will be used to understand key mechanisms of liver morphogenesis.
In particular, the emergence of 3D spatial patterning from heterotypic interac-
tions between hepatic and vascular populations will be studied, based on confocal
microscopy and dynamic imaging of ex vivo fetal mouse liver sections. Image
analysis will be utilized to resolve the dynamics of cell populations and identify
the structure of the growing vascular network. Quantification of the morphome-
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tric properties will yield statistics on the spatiotemporal patterning and growth
of the vascular network. To explore developmental mechanisms underlying liver
morphogenesis, the model proposed in Chapter 2 will be extended. In particu-
lar, a third spatial dimension will be added to capture the complex 3D shapes
originated during liver development. Also, a new cell population (hepatocyte pre-
cursors) will be included as well as key aspects of the comunication between that
population and the vascular one. Quantitative morphometric comparison of re-
sults from model simulation to dynamic image data obtained from organ explants
provides a platform to test theoretical predictions against biological evidence.
In order to ilustrate the proposed approach for early liver organogenesis, a
preliminary 3D simulation was run (see Figure 4.5). This simulation also shows
that the proposed mechanism of vascular patterning considered in this thesis
works in three spatial dimensions. In this case, vascular and hepatic cell precur-
sors together with chemical signals generated from each population, VEGF and
HGF, have been included. The initial disposition of cells used in the simulation
mimics the configuration of hepatic and vascular precursors prior the formation of
the hepatic primordium. More precisely, hepatoblasts (in blue) were distributed
in a planar layer representing the endoderm, while angioblalsts (in red) where
randomly distributed on top of the hepatoblasts monolayer. The simulation in
Figure 4.5 shows that angioblasts organize themselves into a connected network
under the proposed mechasims. This simulation accounts just for the effect of
the hepatoblasts in the vasculature but not the reciprocal effect (see Figure 4.4).
In order to study how the feedback between cell populations impacts the 3D pat-
terning of the simulated tissue, additional mechanisms are needed. In particular,
it is necessary to account for the growth of each cell population, which is thought
to be stimulated by the signals coming from the neighbouring one. To incorporate
proliferation, a similar approach as that described in Section 4.2 will be followed
independently for each particular cell population.
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Chapter 5
Conclusions
The main conclusions from the present study are summarized below:
1) The proposed theory for early vascular patterning, based on matrix-
binding of paracrine VEGF signals, suffices to generate network patterns com-
parable to those observed in embryos. This point of view introduces a novel
answer to the question of how a homogeneous presentation of VEGF to vascular
precursors can guide them to a non-homogeneous network configuration.
2) The mathematical and computational tools developed for this study pro-
vide new information and predictions, many of which are beyond the current
experimental reach. For instance, simulations of the proposed hybrid model sug-
gest that cell elongation, a characteristic feature observed in vascular structures,
is an effect of the underlying patterning mechanism. Morever, simulations with
different cell densities and morphometric quantitication of the generated networks
highlights possible thresholds in cell density that are related with relevant prop-
erties of the generated patterns, including a percolative transition or a maximized
interface between cells and surrounding tissue.
3) The morphometric methods used to quantify planar network patterns are
useful to compare simulations with observed vascular networks and can also be
used in future studies to detect defects in experiments in which specific process
of vascular patterning are perturbed.
4) The combined theoretical and experimental analysis performed with in
vitro Matrigel assays shows important paralelisms with the proposed theory for
embryonic vasculogenesis. In particular, exogenous VEGF is key for network pat-
terning which suggests that exogenous VEGF plays the role of paracrine VEGF
in the embryo. Moreover, the accumulation of VEGF around cultivated cells
seems a consequence of matrix-binding in those areas. This is supported by the
localization in those regions of molecules that strongly bind to VEGF, but also by
the fact that a reaction-dominant model fits the observed fluorescent recoveries
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in FRAP experiments.
5) Key dynamic and kinetic properties of VEGF in Matrigel assays have been
estimated.
6) Extensions of the proposed model can be used to investigate the role of
proliferation in embryonic vascular patterning and the role of the vasculature in
liver organogenesis.
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1.1 A variety of blood vessels. A. Embryonic coronary arterio-
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a smaller diameter. The latter display a wide diameter, but the
vessel wall is thinner (white arrowheads). B. Arterial endothelium
has a specific molecular profile as compared to venous endothe-
lium. The dark precipitate on the endothelium of this transversal
section of an artery (arrowheads) denotes the expression of the
ephrinB2 gene (mRNA in situ hybridization). Note that the ve-
nous endothelium is negative for the staining. . . . . . . . . . . . 9
1.2 From angioblasts to blood vessels. A. Vascular progenitors
(angioblasts, red dots) are free mesenchymal cells that can be cul-
tured on 2D or 3D (as the image shows) in vitro assays. In this
illustration, quail embryonic angioblasts have been localized after
QH1 staining (red). B. Endothelial cells form the inner layer of
forming vessels like the dorsal aorta. Endothelial cells express the
type II receptor for VEGF (VEGFR-2) (green, arrowheads) . . . . 11
1.3 Components of the embryonic vascular system. A. The
whole vascular tree of a quail embryo (36 hours of incubation) is
shown. The endothelium has been counterstained with the quail
specific vascular marker QH1 (green). B. A detail of the posterior
vasculature shown in A is presented. Early vascular structures are
arranged forming networks that display polygonal-like holes (as-
terisks). Arrowheads mark the appearance of endothelial sprouts
in the developing vasculature. C. Mouse endothelial cells grow-
ing on plastic. The cell membrane of the cells expresses variable
levels of the cell-cell adhesion molecule VE-cadherin (green) which
allows for the formation of a characteristic cobblestone-like mono-
layered epithelium. D.Mouse vascular smooth muscle cells (green,
α-smooth muscle actin-positive) in culture. The visceral muscula-
ture (non-striated) is a major component of the blood vessel wall
(medial layer). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.4 Activator-Inhibitor model. A typical pattern produced by the
activator-inhibitor model (1.1) in two spatial dimensions. Initial,
intermediate and final activator (top) and inhibitor (bottom) dis-
tributions are shown. Reprinted with permission by Prof. H. Mein-
hardt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
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1.5 Bistability. Kinetic curves corresponding to f(u) for different
values of σext. a) A typical bistable system, with two stable equi-
libria y = u1, y = u3 separated by an unstable one y = u2. b) A
graph of f(u) for σext > 0. Note that two of the former equilibria
have disappeared. . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.6 Filamentary networks. A simulation of system (1.2) is shown.
A. Initially, a filamentary structure (blue) goes from the left bot-
tom corner of the field to the top, where a high growth factor pro-
duction is assumed (dark green). B. The filaments start branching
in the middle top of the field. As high inhibition is assumed in the
centre of the panel, no branches enter this area. C. The final con-
figuration shows high-density networks in the middle top, while no
or few filaments are formed in the centre and bottom sides of the
panel. Note also that reconnections between different branches do
not take place. Adapted from http://www.eb.tuebingen.mpg.de/departments/former-
departments/h-meinhardt . . . . . . . . . . . . . . . . . . . . . . . 20
1.7 Reticular networks. A simulation of system (1.3) is shown. A.
Initially, homogeneous concentration of the chemicals is assumed.
B. An intermediate step of the simulation where patches of the
avascular areas activator (blue) and stripes of vascular areas acti-
vator (red) are already present. C. The final configuration shows a
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structure. Adapted from http://www.eb.tuebingen.mpg.de/departments/former-
departments/h-meinhardt . . . . . . . . . . . . . . . . . . . . . . . 22
1.8 Chemotaxis model. Comparison between simulations and in
vitro cultures. (A-D) Human microvascular ECs were plated on
Matrigel and the time course of network formation recorded by
time-lapse videomicroscopy. (E-G) Position of cell centroids ob-
tained by model (1.4) using the same number of cells and physical
values of the relevant parameters as in panels A-D. Reprinted by
permission from Macmillan Publishers Ltd: The EMBO Journal
(Ref. [131]), copyright (2003). . . . . . . . . . . . . . . . . . . . . 25
1.9 Mechanical model. Numerical simulations of system (1.5). Ini-
tially cells are approximately uniform, but slowly areas of higher
cell densities form (white) which exert traction onto the matrix
and generate areas devoid of cells (black). Figure from [83]. . . . . 27
1.10 Node configuration in a LGCA. 4 velocity channels of node r
in a two-dimensional square lattice with one rest channel. Filled
dots denote the presence of a particle in the respective channel.
Reprinted from [33] with permission from Prof. A. Deutsch. . . . 29
1.11 Lattice neighborhoods. The n-order neighbours of a lattice site
(dark circle) for n = 1, 2, 3, 4 in regular quadrangular (left) and
hexagonal (right) grids. . . . . . . . . . . . . . . . . . . . . . . . . 31
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1.12 CPM - chemotaxis. Chemotactic aggregation, without cell ad-
hesion leads to the formation of isolated islands. As stated in
ref. [95], in this simulation rounded cells are assumed but the re-
sults hold for unconstrained cells. Reprinted with permission from
Ref. [95]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
1.13 CPM - adhesion. Strong cellular adhesion causes the cells, whose
shape is not constrained, to elongate and organize into reticulated
networks. Reprinted with permission from Ref. [95]. . . . . . . . . 33
1.14 CPM - gradients. Steep gradients also cause cells to elongate
and organize into reticulated networks. Reprinted with permission
from Ref. [95]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
1.15 CPM - elongation. Autonomously elongating virtual cells or-
ganize into a vascular network with coarsening dynamics corre-
sponding to in vitro observations. Reprinted with permission from
Ref. [95]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
1.16 CPM - contact-inhibition. Conctact-inhibition of motility drives
a cell-shape independent mechanism of vasculogenesis. Reprinted
with permission from Ref. [95]. . . . . . . . . . . . . . . . . . . . 35
1.17 CPM - biased motion. The CPM model (1.6) (1.10) (1.11),
when starting from dispersed cells reaches a quasi-stationary state
where surface tension-driven coarsening is balanced by the forma-
tion of new sprouts. Configurations in the model are shown after
100 (a), 1000 (b) and 30000 (c) MCS. Reprinted with permission
from Ref. [137]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.1 Paracrine chemotaxis model for vasculogenesis. Angioblasts
(endothelial progenitor cells) are derived from mesodermal cells
and assemble into polygonal networks under instructive paracrine
signalling provided by the endoderm. Endodermal cells express
pro-vascular growth factors such as VEGF. Angioblasts are located
in the space between endoderm and mesoderm, surrounded by ex-
tracellular matrix (ECM). Angioblasts produce ECM molecules
(such as heparan sulphates and fibronectin) with VEGF bind-
ing domains (depicted in yellow). This matrix thus acts to store
chemotactic growth factors, which provides spatial cues for cell
migration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.2 In vivo vascular network in the quail embryo. Laser confocal
microscope reconstruction of the extra-embryonic (A) and intra-
embryonic (B) vasculature of early quail embryos (3640 hours of
incubation). Embryonic blood vessels are identified by the QH1
antibody (red). Cell nuclei have been counterstained with DAPI
(blue). The inserts depict extra-embryonic (1) and intra-embryonic
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and validation of the mathematical model. . . . . . . . . . . . . . 59
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2.3 Morphometric comparison. Comparison between experimen-
tal (in blue) and simulated (in red) vascular networks (after 3000
MCS). (A) Binary images over cellular structures (green) over-
layed with skeletonized network (red), detected branching points
(blue points) and corrected nodes (blue circles). (B) Morphomet-
ric statistics. Boxes show average values (n = 2 for experiments;
n = 10 for simulation) and error bars indicate standard deviation.
(C) Distributions of morphometric properties. Lines show average
values; filled areas indicate standard deviations. . . . . . . . . . . 63
2.4 Sensitivity analysis of PDE parameters. Sensitivity to rates
of binding (α), VEGF and ECM production (γ1) and (γ2), and
degradation of soluble VEGF (ǫ). Changes in various morphomet-
ric properties were measured for simulations (n = 3) in which each
parameter was independently varied by a 10-fold decrease (blue)
and a 10-fold increase (red). (B) Sensitivity to VEGF diffusiv-
ity. Morphometric quantities are shown for simulations (n = 3)
with non-diffusive VEGF (D = 0), with normal VEGF diffusion
(D = 10), and with well-mixed VEGF (D =∞). . . . . . . . . . . 66
2.5 Sensitivity analysis chemotactic signal strength. Sensitivity
of morphometric parameters to relative strength of bound (µb) and
soluble (µs) VEGF. Red points (lacunae) and blue points (nodes)
show averages of measured quantities in simulations (n = 3), filled
regions represent standard deviations. Insets show portions of net-
works (200x200 µm2) where the relative signalling strength (µb/µt)
is set to soluble-VEGF-only (µb = 0, left), bound-VEGF-only
(µb = µt, right) and equal strengths (µb = µs, center). Arrow-
head indicates the reference value. . . . . . . . . . . . . . . . . . . 67
2.6 Dynamics of vascular network formation. (A) Detail of sim-
ulated tissue at various time points, showing the cells (top) and
relative concentrations of bound VEGF with isolines (bottom).
(B) Dynamics of number of isolated cellular structures (blue) and
number of lacunae (red), filled regions indicates standard devia-
tion (n = 10). (C) Inset depicts remodeling in a small region.
This occupancy map is constructed by averaging over binary im-
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boundaries at 2000 MCS. Grey/white pixels are cells/lacuna which
remained unchanged over this period; colored pixels indicates how
long a pixel has been occupied by cells. It shows the creation of
new connections (arrows) increasing the number of lacunae. . . . . 68
2.7 Cell elongation. Distribution of cell lengths at different time
points during the simulation. Red line and inset depict early, blue
depicts late in development. Lengths are normalized to isotropic
cells given the target area (
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2.8 Morphometric dependence on cell density. A number of
morphometric properties of simulated networks are presented as a
function of both cell density (number of cells per area) and cov-
erage (the ratio of angioblasts-covered pixels to the total number
of pixels). Averaged over 10 simulation runs, filled regions around
curves represent standard deviation. Three optima are shown from
top to bottom, at increasing cell densities. Parameters as in table 1. 71
3.1 FRAP analysis. Two different FRAP experiments are shown in
top and bottom lines. (A) FRAP experiment in Matrigel in the
absence of endothelial cells. Panels (a1), (a2) and (a3) show the
observed VEGF fluorescence in three different time points, while
(a4) shows a fitting of the linear diffusion model to the obtained
experimental recovery. (B) FRAP experiment in a culture of HU-
VECs in Matrigel. In this case the photobleached region is a small
circunference in the proximity of an endothelial cell. Panels (b1),
(b2), (b3) and (b4) are as in the previous case. The theoretical
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3.2 Diffusion in a circular region (CR) after photobleaching.
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3.3 Chemotactic strength estimate. (A) Simulation results us-
ing different values for the chemotactic strenght parameter, µ, are
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Experiments used in Ref. [15]. (C) Simulated experiment display-
ing cells in red and the VEGF gradient in green. (D) Experimental
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(VEGF+) and VEGF-free (VEGF-) settings. (C) Quantitative
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rescent staining of fibronectin (A) and HSPG (B) around HUVECs.
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culture on Matrigel for 18 hours (After Culture). Two different
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the high density case. . . . . . . . . . . . . . . . . . . . . . . . . . 93
3.9 Model simulations. Simulated cellular patterns and bound VEGF
distributions at 4000 MCS are shown over a range of different cell
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stant and equal to the one used in the Matrigel assays. The initial
concentration of bound VEGF was assumed to be zero. . . . . . . 94
3.10 Collagenease experiment. Three HUVEC cultures containing
different amounts of collagenease are compared with model simu-
lations where the diffusion of binding sites and bound VEGF, Ds
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parison of three different simulations with different proliferation
rates: no proliferation (green), low proliferation (blue) and high
proliferation (red) A. The cellular patterns generated after 3000
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4.5 3D simulation. Endodermal hepatoblasts (blue) secrete VEGF.
VEGF binds to ECM produced by Angioblasts (red). Bound
VEGF provides patterning cues for angioblasts to organize into
a network pattern. Angioblasts in turn, when stimulated by VEGF
produce HGF that targets hepatoblasts. Proliferation effects caused
in angioblasts and hepatoblasts by VEGF and HGF respectively
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